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Chapter -1 

Monotone Functions 

1.1. Definition: Let   Rbaf ,: be a function. Then f is said to be  

Increasing on  ba, if for every  bayx ,,  yx   )()( yfxf   

Decreasing on  ba, if for every  bayx ,,  yx   )()( yfxf   

Monotone if f is either increasing or decreasing on  ba,  

If the interval  ba,  can be divided into a finite number of intervals such that f is 

monotone on each of them then f is said to be piecewise monotone on  ba, . 

Bounded and unbounded sets : Supremum, Infimum                                                                                                                                   

A subset S of real numbers is said to be bounded above if  a real number K such 

that every number of S is less than or equal to k, i.e. kx   Sx                                                                                                                                                                

The number k is called an upper bound of S. If no such number k exists, the set is said 

to be unbounded above or not bounded above.                                                                                                                                                                                                                             

The set S is said to be bounded below if  a real number k such that every number of 

S is greater than or equal to k, i.e. kx   Sx                                                                                                                                                                                                         

The number k is called an lower bound of S. If no such number k exists, the set is said 

to be unbounded below or not bounded below. 

A set S is said to be bounded if it is bounded above as well as below.                                                                                                                                                                             

If the set of all upper bound of a set S has the smallest member say , then   is 

called the supremum or least upper bound of S. The fact that supremum is the 

smallest of all upper bounds of S may be described by the following two properties:                                                                                                                                                                                                                                   

(i) x , Sx                                                                                                                                                                                         

(ii) for any positive number  , however small,  a number Sy such that 

 y  
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If the set of all lower bound of a set S has the greatest member say , then   is 

called the infimum or greatest lower bound of S. The fact that infimum  is the 

greatest of all lower bounds of S may be described by the following two properties:                                                                                                                                                                                                                                   

(i) x , Sx                                                                                                                                                                                         

(ii) for any positive number  , however small,  a number Sy such that 

 y  

 

 

1.2 Properties of Monotonic Functions 

Theorem 1.2.1.Let fbe monotonically increasing on ba, . Then if c is any point such 

that bca  ,  0cf and  0cf  both exist and 

  )(sup0 xf

cxa

cf



 ,   )(inf0 xf
bxc

cf


                                                                              

Also    0)(0  cfcfcf  

Proof: The set  cxaxf :)(  is bounded above. In fact f(c) is an upper bound of 

this set. Let the supremum of this set be denoted by . We have )(cf .                                                                                                                                                                                

Let 0 be given. We have )(xf     cax ,                                                                                                                                                                                                              

Also there exists 0 such that cca                                                                                                                                                      

and    cf          { by properties of supremum}                                                                                                                                                       

Also because f is monotonically increasing,  

    cfxf )( when  cx                                                                                                                                                                          

Thus we see that there exists 0 such that   )(xf  

When cxc   
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   )(sup)(lim
0

0 xf

cxa

xf
cx

cf














                                                                                                                                                                                                        

Similarly prove that   )(inf0 xf
bxc

cf


  

Corollary 1.2.1Let f be monotonically increasing in  ba, .Then    0,0  bfaf  

exist and   )(inf0 xf
bxa

af


 and   )(sup0 xf

bxa

bf



  

Corollary 1.2.2Letf be monotonically decreasing in  ba, . Then if c is any point such 

that bca  ,  0cf and  0cf  both exist and

    )(sup0),(inf0 xf

bxc

cfxf
cxa

cf






 ,                                                                              

Also    0)(0  cfcfcf  

Corollary 1.2.3Let f be monotonically decreasing in  ba, .Then    0,0  bfaf  

exist and   )(sup0 xf

bxa

af



 and   )(inf0 xf
bxa

bf




 

Theorem 1.2.2Let f be an increasing function defined on  ba,  and let 

xnxxx  ........210  be n+1 points such that 

bxnxxxa  ........210 . Then we have the inequality 

)()(
1

1

afbf
n

k
xkfxkf 















 





   

Proof: Let  xkxkyk 1,                                                                                                                                                                                        

For 11  nk , we have                                                                                                                                                                                                                            

 ykfxkf 




   and  ykfxkf 1
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    ykfykfxkfxkf 1




 





                                                                                                                                        

For k = 1, 2, ……..,,(n-1) we have                                                                                                                                                                                   

   yfyfxfxf 0111 




 





 

, 

   yfyfxfxf 1222 




 





                                                                                                                                                            

……………………………………………………….                                                                                                                                                                                                     

   ynfynfxnfxnf 2111 
















                                                                                                                                          

Adding above, we get                                                                                                                                                                                                                                                           

   yfynf
n

k
xkfxkf 01

1

1
















 





                                                                                                                                                  

As     )()(01 afbfyfynf  , we get                                                                                                                                              

)()(
1

1

afbf
n

k
xkfxkf 















 





   

Theorem 1.2.3Let f be monotone on  ba, , then the set of points of  ba,  at which f 

is discontinuous is almost countable. 

Proof:Suppose for the sake of definiteness f is monotonic increasing and let E be the 

set of points at which f is discontinuous. With every point x of E we associate a 

rational number r(x) of E such that    xfxrxf  )(  

Let xx 21                                                                                                                                                                                                                                         

Take xx 21  




 





 

xfxf 21 …………..(i)                                                                                                                                             

   




 





 

xfxrxf 111                                                                              …………..(ii)                                               

  




 





 

xfxrxf 222 ……………(iii)                                                                                                                 
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From (i), (ii) and (iii) we have    xrxr 21                                                                                                                                                                                                                          

Thus we have establish a one -one corresponding between the set E and a subset of 

set of rational numbers.                                                                       The latter set as we 

know is countable. Hence E is at most countable.  

 

Chapter -2 

Function of Bounded Variation and Rectifiable Curves 

2.1. Definition Let f be defined on [a, b].  

Let  bxnxxxaP  ,......,2,1,0 is a partition of [a. b].  

Define  bafV ,,  or  fV b
a  =    




 





n

i
xifxif

baPP 1
1sup

,

, then  fV b
a  is 

said to be total variation of f over [a, b]. It is also affiliated as  fV or V f
 

If  fV b
a is finite or   fVb

a , then f is said to be function of bounded 

variation. 

Note.   0fVb
a ifand only if f is constant on  ba,  

Theorem 2.1.1. If f is bounded monotonic on [a. b] then f is bounded variation on 

[a, b] 

Proof. Let f be monotonic increasing on [a, b] and 

 bxnxxxaP  ,......,2,1,0  is a partition of [a. b]. 

Then  fV b
a =    




 





n

i
xifxif

baPP 1
1sup

,

, 
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 xnfxnf

xfxfxfxfxfxf

baPP 1.............

231201
sup

,
 

   xifxifxixi 11  Where ni ,....,3,2,1  

            xnfxnfxfxfxfxf

baPP
1......1201sup

],[




  

    afbf

baPP





 sup

],[

   afbf   = finite  

 f is of function of bounded variation on  ba,  and  fV b
a  = )()( afbf   

Similarly a monotonically decreasing bounded function is of bounded variation 

with total variation )()( bfaf  . 

Thus for a bounded monotonic function f  

  )()( afbffV b
a   

Example 2.1.1. Show that sin x is bounded variation over a 








2
,0


 

Sol. Clearly f(x) = sin x is increasing in 








2
,0


. So f is function of bounded 

variation. 

Theorem 2.1.2. If f is continuous on [a, b] and f  exists and is bounded on  ba,  

then the function f is of bounded variation on [a, b] 

Proof. Since f  is bounded on [a, b]  

 kxf  )(   bax ,  
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Let  xnxxxP ,......,2,1,0  is a partition of [a. b]. 

 fV b
a  =    




 





n

i
xifxif

baPP 1
1sup

,

, 

By Mean value theorem  

 



























n

i
xixi

baPP

k
n

i
xixitf

baPP 1
1sup

,1
1)(sup

,

 xixi 1  

abk  ( ) = finite  

 f is function of bounded variation. 

Example 2.1.2. 












0,0

0,
1

cos2
)(

x

x
x

xxf  Show that f(x) is bounded variation 

on [0, 1] 

Sol.It is clear that f is continuous on  1,0  













0,0

0,
1

cos2
1

sin
)(

x

x
x

x
xxf

 

 )(xf  exist in (0,1) 

321
1

cos2
1

sin
1

cos2
1

sin)( 
x

x
xx

x
x

xf  1x  

 f is function of bounded variation. 

Note:  Bounded ness of f  is a sufficient condition it is not necessary condition. 
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Example 2.1.3 Let   Rf 8,0: defined by xxf 3/1)(   

Clearly f(x) is increasing  

 f is function of bounded variation. 

But 
x

xf
3 3/2

1
)( as 0x  

Note: A continuous function may not a function of bounded variation.  

Example2.1.4. Give example to show that a continuous function may not be 

function of bounded variation. 

Sol. Let 




















0,0

10,
2

cos
)(

x

x
x

x
xf



 

First we prove f is continuous on [0.1] 

 In 10  x , clearly f is continuous  

At x = 0, f(0) = 0 , by definition for 0x  





















 x

x
x

x
xfxf

2
cos0

2
cos)0()(  

 f is continuous on [0.1] 

Next we prove f is not function of bounded variation. 

Let a partition of [0, 1] such that









 1,

2

1
,

3

1
.....,

22

1
,

12

1
,

2

1
,0

nnn
P  
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By definition  fV1
0

 =    




 





n

i
xifxif

PP 1
1sup

1,0

 

           

    























 xnfxnf

xfxfxfxfxfxf

PP 1.............

231201
sup

1,0

 

  0)0(0  fxf ,    
n

n
n

nn
fxf

2

)1(
cos

2

1

2

1
1











  , 

 
 

0sin
12

1

2
cos

12

1

2

12
cos

12

1

12

1
2








































n
n

n
n

n

nn
fxf

 

   

 
 

22

1
1

cos
22

1
cos

22

1

2

22
cos

22

1

22

1
3






























n

n

n
n

n
n

n

nn
fxf





 

…………………………………………………………………………………….

 

  0
2

3
cos

3

1

3

1
2 











fxnf ,  

2

1
cos

2

1

2

1
1 








 fxnf ,

    0
2

cos1 


fxnf  
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 fV1
0

     



















































2

1
00

2

1
........

0
22

1
1

2

1
00

2

1

sup

1,0

n

n

n

n

n

n

PP

 

























 2

1

2

1
........

22

1

22

1

2

1

2

1
sup

1,0
nnnn

PP
























1
2

1
........

1

11
sup

1,0
nn

PP

 

 We know that 
n

1
 is divergent  

 its partial sum 
n

Sn
1

............
2

1
1  is not bounded above  

   fV1
0

 

 f is not function of bounded variation. 

Example2.1.5. Give example to show that a continuous function may not be 

function of bounded variation. 

Sol. Let 



















0,0

10,sin
)(

x

x
x

x
xf



 

First we prove f is continuous on [0.1] 

In 10  x , clearly f is continuous  

At x = 0, f(0) = 0 , by definition for 0x  
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 x

x
x

x
xfxf sin0sin)0()(  

 f is continuous on [0.1] 

Next we prove f is not function of bounded variation. 

Let a partition of [0, 1] such that









 1,

3

2
,

5

2
.....,

32

2
,

12

2
,

12

2
,0

nnn
P  

By definition  fV1
0

 =    




 





n

i
xifxif

PP 1
1sup

1,0

 

           

    























 xnfxnf

xfxfxfxfxfxf

PP 1.............

231201
sup

1,0

 

  0)0(0  fxf ,  
 

12

2)1(

2

12
sin

12

2

12

2
1






















n

nn

nn
fxf


, 

 
 

12

2

2
sin

12

2

2

12
sin

12

2

12

2
2

)1(
1



































n
n

n

n

nn
fxf

n





 

     
32

2

2

32
sin

32

2

32

2
3

1




















n

n

nn
fxf

n


 

 
5

2

2

5
sin

5

2

5

2
2 











fxnf ,  

3

2

2

3
sin

3

2

3

2
1 











fxnf ,

    0sin1  fxnf  
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 fV1
0

         


































































3

2
0

5

2

3

2
.....

12

12
1

32

21

12

21

12

12
1

0
12

21

sup

1,0

n

n

n

n

n

n

n

n

n

n

PP

 























 3

4

5

4
........

12

4

12

4
sup

1,0
nn

PP




















 12

1
........

5

1

3

1
sup

1,0

4
n

PP

 

 We know that ........
5

1

3

1
  is divergent  

 its partial sum 
12

1
........

5

1

3

1




n
sn is not bounded above  

   fV1
0

 

 f is not function of bounded variation. 

Note: It may also be seen that a function of bounded variation is not necessary 

continuous   

The function  xxf )( ,where  x denotes the greatest integer not greater than 

x, is a function of bounded variation on  2,0  but is not continuous. 

Theorem 2.1.3. Prove that a function of bounded variation is bounded. 

Proof. Let   Rbaf ,: be a bounded variation. 
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  fV b
a  =    




 





n

i
xifxif

baPP 1
1sup

,

 = finite  

   kfV b
a   

T.P f(x) is bounded  

  )()()()()()()()()( afkaffV b
aafafxfafafxfxf 

 

   (  fV b
a is supremum and )()( afxf  is one term of  fV b

a  ) 

 f(x) is bounded on [a, b]. 

Note: Converse of above theorem is not true i.e. a bounded function may not be 

a function of bounded variation 

Example 2.1.6. Let 




















0,0

10,sin
)(

x

x
x

x
xf



 

1sin)( 
x

xxf


i.e. f is bounded but f is not function of bounded variation. 

Note. If f is not bounded then f is not function of bounded variation. 

Example 2.1.7. Show
2

tan)(
x

xf


 ,  1,1x is not a function of a bounded 

variation. 

Sol.
2

tan)(
x

xf
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 2
tan

1

x
Lt

x


 f is not bounded in  1,1

 

 f is not a function of a bounded variation. 

Example 2.1.8. Give an example of a function   Rbaf ,: which is bounded 

variation on every closed subinterval of (a, b) but it fails to be of bounded 

variation on [a, b]. 

Sol. Let   Rf 1,0:  defined as 












1,0

1,
1

1

)(

x

x
xxf  

This function is monotonically increasing on (0, 1) and therefore on every closed 

subinterval of (0, 1) 

 it is of bounded variation on every closed subinterval of (0, 1) 

However, because it has a vertical asymptote at x = 1, we can make the sum 

   



n

i
xifxif

1
1  as large as we like by choosing partition points closed to 1. 

Thus   fV1
0

 

Hence f is not bounded variation on [0, 1]. 

Example 2.1.9. Show that the function defined by 




















0,0

0,sin3
)(

x

x
x

x
xf



 is not of bounded variation on [0, 1] 

Sol. Let 









 1,

3

2
,

5

2
,......,

32

2
,

12

2
,

12

2
,0

nnn
P   0)0(0  fxf  
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2

12sin
12

2 3/1

12

2
1
















 n

nn
fxf

   
12

2 3/1
)1(cos

12

2 3/1







n

nn
n



     
2

12sin
12

2 3/1

12

2
2
















 n

nn
fxf

   
12

2 3/1
)1( 1cos

12

2 3/1


 




n

nn
n


 

………………………………………………………………………….. 

   
2

5
sin

5

2 3/1

5

2
2











 fxnf   










2
2sin

5

2 3/1 
  

5

2 3/1


     
3

2 3/1

2

3
sin

3

2 3/1

3

2
1 











fxnf , 

      0sin1
3/1

1  fxnf
 

     



n

i
xifxif

P

fV
1

1sup1
0

 

= 















)12( 3/1

1
.....

5 3/1

1

3 3/1

1
2 3/12

n
= not finite                                                  


n

bn
n

an 3/1

1
,

)12( 3/1

1



 

2

1

)12( 3/1

3/1






 n

n
lt

nbn

an
lt

n
                                                                         

But by p- test bn  is divergent 

an is divergent. 
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Example 2.1.10. Show that the function defined as 









Qx

Qx
xf

,0

,1
)(  is not 

bounded variation on any interval.  

Sol. Let [a, b] be any arbitrary closed interval in R. Let 

 bx nx nxxxaP  22,12,......,2,1,0  be any partition of [a, b] . As 

we know that between two real numbers there is rational number and irrational 

number.  Take x1  to be irrational number between a and b. Take x2  be an 

rational number between  x1  and b. continue like this taking x n 12   to be an 

irrational number between x n2  and b and finally bx n 22 .Then 

           xfxfxfxf
n

i
xifxif 1201

1
1 


  

       x nfx nfxfxf 212......23     x nfx nf 1222   

           x nfx nfxfxfxfxf 212......2312   = 2 n 

Thus   fVb
a  

 f is not bounded variation. 

Example 2.1.11. Show that xxf sin)(  in 








2
,0


, Is a function of bounded 

variation ? If so the total variation? 

Sol. As sin x is monotonically increasing in 








2
,0


  f(x) is of bounded variation as 

in 








2
,0


                                                                                                                                                   

Then 10sin
2

sin
2

,0, 






 
fV  
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Example 2.1.12. Show that 1100768336 256 33 4)(  xxxxxf  on [0, 10] 

is of bounded variation. Also find its total variation. 

Sol. 1100768336 256 33 4)(  xxxxxf                                                                                                                           

Then 768672168 212 3)(  xxxxf  

768672168
2

12
3

)(  xxxxf

3628876867201680012000768672168
2

12
3

)(  xxxxf

 

 f(x) is bounded variation on [0, 10]’ 

Total variation =     3628800103628810,0, fV  

 

 

 

 

 

Exercise 2.1 

1.Show that xxf cos)(   is bounded variation over a 








2
,0


 

2. If












0,0

0,
1

sin
)(

x

x
x

x p
xf  , 2p  show that f is of bounded variation on 

 1,1  
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3. if f is constant on [a, b], then prove that f is of bounded variation on [a, b] 

4. Show that 12)(  xxxf on [ - 1, 1] is a function of a bounded variation. 

5. Show xxf 21)(  ,on [-1, 1] is a function of a bounded variation. 

6. Show that a polynomial function f is of bounded variation on every closed and 

bounded interval [a, b]. 

7.Prove that 




















0,0

0,
1

sin2
)(

x

x
x

x
xf is not of bounded variation on [0, 

1]. 

 

 

 

 

 

2.2. Some Properties of Functions of Bounded Variation. 

 

Theorem 2.2.1.The sum (difference) of two functions of bounded variation is also 

bounded variation. Also prove that  

     gVb
afVb

agfVb
a 
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Proof. 

       














n

i
xigfxigf

baPP

gfV b
a

1
1sup

,

         














n

i
xigxifxigxif

baPP 1
11sup

,

         














n

i
xigxigxifxif

baPP 1
11sup

,
 

       



























n

i
xigxig

baPP

n

i
xifxif

baPP 1
1sup

,1
1sup

,

= 

   gVb
afVb

a    

 f + g function of bounded variation. 

Similarly it may be shown that f – g is of bounded variation over [a, b] and 

     gV b
afV b

agfV b
a 

 
 

Theorem2.2.2. Let f be function of bounded variation defined on [a, b] and c be a 

constant then    fV b
accfV b

a 
 

Proof. 
 

 
 

     



n

ibaPP

xicfxicfcfV b
a

1,

1sup
 

   



n

ibaPP

xicfxicf
1,

1sup  

 

   



n

ibaPP

xifxifc
1,

1sup  fV b
ac

 

 

Theorem2.2.3. The product of two functions of bounded variation is also 

bounded variation. 
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Proof. Let f and g being of bounded variation over [a,b], are both bounded and 

accordingly there exists a number k such that   bax ,  

kxf )(  , kxg )(  

 
 

     



n

ibaPP

xifgxifgfgV b
a

1,

1sup

 

       



n

ibaPP

xigxifxigxif
1,

11sup  

 

               



n

ibaPP

xigxifxigxifxigxifxigxif
1,

1111sup  

 

             



n

ibaPP

xifxigxigxigxifxif
1,

111sup  

 

           xifxigxigxigxifxif
n

ibaPP

111
1,

sup  


 

 

   
 

   



n

ibaPP

n

ibaPP

xigxigkxifxifk
1,1,

11 supsup

   gVb
akfVb

ak    

 f g is function of bounded variation 

      gVb
akfVb

akfgVb
a 

 
 

Theorem2.2.4 If f is a function of bounded variation on [a, b] and if there exists a 

positive number k such that kxf )( ,  

 bax , , then 1/f is also of bounded variation on [a, b]. 

Proof. 

 

   
     

 


























 n

ibaPP

n

ibaPP xifxif
xi

f
xi

ff
V b

a
1,1, 1

11
1

111
supsup

 

 

   
   

 


n

ibaPP xifxif

xifxif

1, 1

1sup
 

   
   

 




n

ibaPP xifxif

xifxif

1, 1

1sup  
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kxf )( ,  bax ,  


    kxifkxif

1

1

1
,

11



  










f
V b

a
1    














n

i
xifxif

baPPk 1
1sup

,
2

1
 fV b

a
k2

1
   

  fV b
a

kf
V b

a 2

11









 

Note: If f and g are functions of bounded variation on [a, b] and kxg )(

 bax ,  for some positive  

real number k, then f/g is also bounded variation on [a, b]. 

           Since g is bounded variation on [a, b] , therefore 1/g is a bounded variation 

on [a, b]. 

           Also f is a function of bounded variation on [a, b] 

 f/g is a function of bounded variation on [a, b]  

 

Theorem2.2.5. If f is a function of bounded variation on [a, b] then it is also of 

bounded variation on [a, c] and [c, b] where  

c is a point of [a, b] and conversely. Also      fVb
cfV c

afVb
a   

Proof. Let first f be of bounded variation on [a, b].  

Let  cxmxxxaP  ,.......,2,1,01  and 

 bx nmxmxmxmcP  ,.......,2,1,2  be any two partition  

of [a, c] and [c, b] respectively. 

They give rise to a partition  

 bx nmxmxmxmxxxaPPP  ,.......,2,1,,.......,2,1,021
of[a, b]. 

           









nm

mi

m

i

nm

i

xifxifxifxifxifxif
111

111  

Since each term is no – negative so 
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nm

i

m

i

xifxifxifxif
11

11  

 

   
 

   





nm

ibaPP

m

icaPP

xifxifxifxif
1,1,

11 supsup  

      fVb
afV c

a  

Also 
 

   
 

   









nm

ibaPP

nm

mibcPP

xifxifxifxif
1,,

11 supsup  

      fVb
afVb

c  

 f is of bounded variation on [a, c] and [c, b] both. 

Let, now, f is of bounded variation on [a, c] and [c, b] both.  

Let  bznz zrrzzzaP  ...,,1,...,2,1,0  be any partition of [a, b].  

Let us consider the partition  cPP  , let zrczr 1  

We have  
 

   



n

ibaPP

zifziffV b
a

1,

1sup  

 

            








  


 

1

1 1,

111sup
r

i

n

ribaPP

zifzifzrfzrfzifzif  

 

            








  


 

1

1 1,

11)()(1sup
r

i

n

ribaPP

zifzifzrfcfcfzrfzifzif

 

 

            
















  


 

1

1 1,

1)(1)(1sup
r

i

n

ribaPP

zifzifcfzrfzrfcfzifzif

 

   fVb
cfV c

a    { f is of bounded variation on [a, c] and [c, b] both } 

 

 f is of bounded variation on [a, b] and also  

     fVb
cfV c

afVb
a  ………………………..(i) 
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Let, now, f is of bounded variation on [a, c] and [c, b] both.  

 

Let  cxmxxxaP  ,.......,2,1,01  and  bynyyycP  ,.......,2,1,02  

be any two partition  

of [a, c] and [c, b] respectively. 

By definition of l.u.b. 

     
2

1
1






fV c
axifxif

m

i

…………………….(ii) 

and      
21

1






fV b
cyifyif

n

i

………………………(iii) 

Adding (ii) and (iii) we get  

             


fV b
cfV c

ayifyifxifxif
n

i

m

i 11
11  

        fVb
cfV c

afVb
a  

But since   is an arbitrary positive number, we get 

     fVb
cfV c

afVb
a  ………….……..(iv) 

From (i) and (iv) we get      fVb
cfV c

afVb
a 

 
 

 

 

 

 

 

 

 

 

2. 3. Definition. Variation Function or total variation 

function of [a, x] as a function of x 
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Let   Rbaf ,: be a function of bounded variation. Then the function 

  RbaV ,: defined by  

 











ax

bxafV x
axV

,0

,
)( is called the variation function. 

Theorem  2.3.1. Let   Rbaf ,: be a function of bounded variation. Then the 

function   RbaV ,: defined by  

 











ax

bxafV x
axV

,0

,
)(  

Then (i) V is monotonically increasing on [a, b] 

          (ii) V – f is monotonically increasing on [a, b] 

Proof. (i) Let byxa   

  When bxa  then )(xV  fV x
a  and when bya  then )(yV

 fV y
a  

     fV y
xfV x

afV y
a   

  V(y)  - V (x) =  fV y
x 0 …………(i)                                                                                                                           

[  
 

    01
1,

sup  


n

iyxPP

tiftiffV y
x ] 

 )()( xVyV  Whenever y > x 

V is monotonically increasing on [a, b] 

(ii) Let D(x) = V(x) – f(x) 

   )()()()()()( xfxVyfyVxDyD   

   )()()()( xfyfxVyV   

   )()( xfyffV y
x                      From (i) 

Also from definition of  fV y
x  

 fV y
xxfyf  )()(  

 0)()(  xDyD  )()( xDyD   



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

25 
 

Hence  D = V – f is monotonically increasing on [a, b] 

 

 

2.4. Functions of bounded variation expressed as the 

difference of increasing functions. 

 
Theorem  2.4.1. ( Jordan Decomposition Theorem ) A function f is of bounded 

variation on [a, b] if and only if f is difference of two monotonically increasing 

real valued functions defined on [a, b]. 

Proof. Let f be a function of bounded variation on [a ,b] 

      fVfVff 
2

1
2

2

1
where V is Variation Function. 

    hgfVfV 
2

1

2

1
where    fVhfVg 

2

1
,

2

1
 

  f = g – h  

T.P. g and h are monotonically increasing  

For this let  baxx ,2,1   such that xx 21  

T.P.        xhxhxgxg 21,21   

             xfxVxfxVxgxg 11
2

1
22

2

1
12   

         xfxfxVxV 12
2

1
12

2

1
 ………………(i) 

             xfxVxfxVxhxh 11
2

1
22

2

1
12   

         xfxfxVxV 12
2

1
12

2

1
 …………………(ii) 

Now f is a function of bounded variation on [a. b] 

 f is a function of bounded variation on  xx 2,1  
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      fV x
xxfxf 2
112   

     fV x
afV x

x
fV x

a 12
1

1   

   fV x
afV x

a 12   =    xVxV 12          {by definition of variation function} 

        xVxVxfxf 1212  and         xVxVxfxf 1212   

           012
2

1
12

2

1
 xfxfxVxV and

          012
2

1
12

2

1
 xfxfxVxV  

From (i) and (ii) 

    012  xhxh and     012  xgxg  

    xhxh 21  ,    xgxg 21   

Hence g and h are monotonically increasing. 

Conversely, let f = g – h where g and h are monotonically increasing functions 

defined on [a, b]  

 T.P. f is function of bounded variation on [a, b]. 

g and h are functions of bounded variation on [a, b] 

By property of bounded variation 

  g – h is a function of bounded variation on [a, b]     

 f is a function of bounded variation on [a, b].    

Example  2.4.1. Represent xxf cos2)(  , 20  x as a difference of two 

increasing functions. 

Sol. By Jordan decomposition theorem, we have f = g – h where 

   fVhfVg 
2

1
,

2

1
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For this we divide  2,0  into four sub- intervals 








2
,0


, 










,

2
, 









2

3
,


 ,












2,

2

3
 

In 








2
,0


, f(x) decrease  

xxffxfVxV cos21)()0(),0,()(   1
2

,0, 






 
fV  

In 










,

2
, f(x) increase 

xfxfxfV cos2
2

)(,
2

, 















 

  xxfVfVxfVxV cos21,
2

,
2

,0,,0,)( 


















   11,0, fV  

In 








2

3
,


 , f(x) decrease  

    xxffxfV cos21)(,,  

      xxfVfVxfVxV cos212,,,0,,0,)(   xcos23  

In 










2,

2

3
, f(x) increase 

xfxfxfV cos2
2

3
)(,

2

3
, 
















 

  xxfVfVxfVxV cos23,
2

3
,

2

3
,0,,0,)( 
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2
2

3
,cos23

2

3
,,cos23

2
,cos21

2
0,cos21

)(

xx

xx

xx

xx

xV  








































2
2

3
,cos22/3

2

3
,,2/3

2
,cos22/1

2
0,2/1

xx

x

xx

x

g and






































2
2

3
,2/3

2

3
,,cos22/3

2
,2/1

2
0,cos22/1

x

xx

x

xx

h  

Example 2.4.2 Represent   20,)(  xxxxf  as a difference of two 

increasing functions. 

Sol.
















2,1,0

21,1

10,

)(

x

xx

xx

xf  

In  1,0  f(x) decrease 
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V(x) = V(f, 0, x) = f(0)  - f(x) = x = [x] + x                                                                                                                                                  

  )1,,(),0,(sup

10

)1,0,( xfVxfV

x

fV 





    20sup

10

)()1(sup

10









 xx

x

xffx

x  

   2)(
1



xv

x
=[x] + x 

In  2,1  f(x) decrease 

xxxffxfV  110)()1(),1,(  

  V(x) = xxxfVfVxfV  112),1,()1,0,(),0,(  = [x] + x                                                                                         

  )2,,(),1,(sup

21

)2,1,( xfVxfV

x

fV 





 )()2(1sup

21

xffx

x





   2101sup

21





 xx

x



  422)2,1,()1,0,()2,0,()(
2




fVfVfVxv
x

= [x] + x 

Thus V(x) = [x] + x for 20  x  

     ][][][
2

1

2

1
xxxxxfvg  and

    xxxxxfvh  ][][
2

1

2

1

 

Exercise 2. 4. 

1.Represent 
















21,1

1,0

10,

)(

2

x

x

x

xf

x
 as a difference of two increasing 

functions. 
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2.5. Continuous functions of bounded variation. 

Theorem  2.5.1. A function f of bounded variation on [a, b] is continuous if and 

only if V is continuous. 

Proof. Firstly suppose that V is continuous on [a, b]. Let  bac ,  

There exist 0  such that  )()( cVxV  for cx  

T.P. f is continuous at x = c. 

 fV x
ccfxf  )()(          fV c

afV x
afVc

afV x
cfV c

a   

 )()( cVxV  

 f is continuous at x = c. 

Conversely, suppose that f is continuous on [a, b].  

Let  bac ,  

There exist 0  such that 
2

)()(


 cfxf  for cx  

Now f is a function of bounded variation on [a, b] 

 f is function of bounded variation on [c, b] 

Let  bxnxxxcP  ,......,2,1,0  partition of [c, b] such that  

     
21

1





 fV b
c

n

i
xifxif      ……………..(i) 

Assume that the first subinterval  xx 1,0  in P of length less than . 

From (i) 

     






n

i
xifxiffV b

c
1

1
2

 

       



n

i
xifxifxfxf

2
101  

   






n

i
xifxif

2
1

2
 fV b

x12
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     fVb
x

fVb
c 1

 

  )()( cVxV for cx  

 )()(lim cVxV

cx




 

Similarly, it can be shown that  )()(lim cVxV

cx




 

    V is continuous at x = c. 

Hence V is continuous on [a, b]. 

Cor.A continuous function is of bounded variation if and only ifit can express as a 

difference of two continuous monotonically increasing functions. 

Proof. Let f be a continuous function of bounded variation.  

           Also, V is continuous. 

  fVg 
2

1
and  fVh 

2

1
 are continuous and f = g – h  

Also g and h are monotonically increasing functions.                           

Hence f is difference of two continuous monotonically increasing functions. 

Conversely, let f = g – h , where g and h are continuous monotonically increasing 

functions. 

Since g and h are continuous functions, therefore f = g – h is also continuous. 

Also by Jordan decomposition theorem, f is of bounded variation. 

Hence f is a continuous function of bounded variation. 
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2.6.Positive and Negative Variations 

For any Ra set  0,max aa   and  0,max aa   

We begin by noticing the following equalities: 

aaa  and aaa  ………(i)                                                                                

If 0a  then aaa   and 0a  

 aaa  and aaa   

 If 0a then 0a  and aa   aaaa   and aaa 

from (i) we have 
2

aa
a


 Take cba 

  cb
ccbbcbcbcbcb

cb 














2222


  cbcb 


 

Definition 2.6.1.Let f be a real valued function defined on [a, b] and 

 Let  bxnxxxaP  ,......,2,1,0  partition of [a, b].  

Let     01:)(  xifxifiPA  and     01:)(  xifxifiPB  

Then  
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)(
1sup,

PAi
xifxif

P

bap f and

     


















)(
1sup,

PBi
xifxif

P

ban f     are called positive and negative 

variations of f on [a, b] 

Note.   0, bap f and   0, ban f  

Theorem 2.6.1. If f is a function of bounded variation on [a, b], then 

    )()(,, afbfban fbap f   and  

     ban fbap fbaV f ,,,   

Proof. Let  bxnxxxcP  ,......,2,1,0  partition of [a, b]. 

Then              









n

i
xifxif

PBi
xifxif

PAi
xifxif

1
1

)(
1

)(
1  

                                                                                                    = f(b) – f(a)                              

          )()(

)(
1

)(
1 afbf

PBi
xifxif

PAi
xifxif 





 ……… (i) 

 

         )()(

)(
1sup

)(
1sup afbf

PBi
xifxif

PPAi
xifxif

P





















  

    )()(,, afbfban fbap f   

We get     )()(,, afbfban fbap f  ………………... (ii) 

Next we prove      ban fbap fbaV f ,,,   

Again             









n

i
xifxif

PBi
xifxif

PAi
xifxif

1
1

)(
1

)(
1  
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n

i
xifxif

baPP 1
1sup

,

 

            


















 )(

1
)(

1
1

1sup

, PBi
xifxif

PAi
xifxif

n

i
xifxif

baPP

 

          







)(
1

)(
1,

PBi
xifxif

PAi
xifxifbaV f  

From (i) 

           





















)(
1)()(

)(
1,

PAi
xifxifafbf

PAi
xifxifbaV f

 

          ban fbap f
PAi

xifxifbaV f ,,

)(
12, 


 From (ii) 

          ban fbap f
PAi

xifxif

P

baV f ,,

)(
1sup2, 


  

       ban fbap fbap fbaV f ,,,2,   

     ban fbap fbaV f ,,,  ……………… (iii) 

Also,      














n

i
xifxif

baPP

baV f
1

1sup

,

,  

        















 

























 )( )(

11sup

, PAi PBi
xifxifxifxif

baPP

 

        





















































 )(

1sup

,)(
1sup

, PBi
xifxif

baPPPAi
xifxif

baPP

 

     ban fbap fbaV f ,,,   ……………….. (iv) 
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From (iii) and (iv) we get      ban fbap fbaV f ,,,   

Note.     )()(,
2

1
, afbfbaV fbap f  and

    )()(,
2

1
, afbfbaV fban f   

Example 2.6.1Find  xV f ,2 ,  xp f ,2  and  xn f ,2
 

 If xxxf 3 44 3)(   ,  2,2x  

Sol.    112 2112 212 312 2)(  xxxxxxxf  

 f(x) increasing on  1,2  and decreasing on  2,1  

For  1,2x  then   803 44 3)2()(,2  xxfxfxV f  
   811,2 V f  

For  2,1x then   xxxffxV f 3 44 31)()1(,1   

       xxxxxV fV fxV f 3 44 3823 44 3181,11,2,2   

    
 










2,1,3 44 382

1,2,803 44 3
,2

xxx

xxx
xV f  

For  1,2x ,     )2()(,2
2

1
,2  fxfxV fxp f  

  803 44 3803 44 3803 44 3
2

1
 xxxxxx  

     0)2()(,2
2

1
,2  fxfxV fxn f  

For  2,1x ,      0)1()(,1
2

1
,1  fxfxV fxp f and 

     xxfxfxV fxn f 3 44 31)1()(,1
2

1
,1   
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       81,11,2,2  xp fp fxp f , 

      xxxn fn fxn f 3 44 31,11,2,2   

Thus we have    
 










2,1,81

1,2,803 44 3
,2

x

xxx
xp f  

And  
 

 








2,1,3 44 31

1,2,0
,2

xxx

x
xn f  

Example 2.6.2Find  xV f ,2 ,  xp f ,2  and  xn f ,2
 

 If 2 3( ) 3 2f x x x   ,  2,2x  

Sol.  2 3( ) 3 2f x x x   

Then 2( ) 6 6 (1 ) 6 ( 1)6f x x x x x xx         

For ( ) 0f x  6 ( 1) 0 ( 1) 0x x x x       0,1x   

For ( ) 0f x     6 ( 1) 0 ( 1) 0 2,0 1,2x x x x x           

For  2,0x   

  xxxffxV f 2 33 228)()2(,2  2 328 3 2x x    

   280,2 V f  

For  0,1x  

  xxfxfxV f 2 33 2)0()(,0   

     xV fV fxV f ,00,2,2  xx 2 33 228   
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   291,2 V f  

For  1,2x  

  )()1(,1 xffxV f  xx 2 33 21   

     xV fV fxV f ,11,2,2  xx 2 33 230   

Thus the total variation function on 2 2x    is defined as  

 
 
 
 
















2,1,2 33 230

1,0,2 33 228

0,2,2 33 228

,2

xxx

xxx

xxx

xV f  

For  2,0x       0)2()(,2
2

1
,2  fxfxV fxp f   and 

     xxfxfxV fxn f 2 33 228)2()(,2
2

1
,2   

For  0,1x     )0()(,0
2

1
,0 fxfxV fxp f  xx 2 33 2  

      xp fp fxp f ,00,2,2  xx 2 33 2  

  0,0 xn f  

      xn fn fxn f ,00,2,2  = 28 

For  1,2x   0,1 xp f and   xxxn f 2 33 21,1   
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         1,11,00,2,2  xp fp fp fxp f and

        xxxn fn fn fxn f 2 33 229,11,00,2,2   

 
 

 
 
















2,1,1

1,0,2 33 2

0,2,0

,2

x

xxx

x

xp f and

 
 

 
 
















2,1,2 33 229

1,0,0

0,2,2 33 228

,2

xxx

x

xxx

xn f  

 

 

 

Exercise 2.6. 
 

1. Find ),0(),,0(),,0( xn fxp fxV f if    3,0,2)(  xxxxf  

2. Find ),0(),,0(),,0( xn fxp fxV f if    2,0,)(  xxxxf  

 

 

2.7.Curves and Paths 

Definition 2.7.1 A continuous function   Rnbaf ,:  is called a curve in Rn  

on [a, b]. The function f itself is called a path. 

If f(a) = f(b), then f is said to be a closed curve. 

If   Rnbaf ,:  is a one – one function, then f is called an arc. 
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Note. Different paths can trace out the same curve. 

e.g.  e titiytxtf 2)()()(  , e titiytxtg 2)()()(  , 10  t trace out 

the sane circle 122  yx , but the points are visited in opposite directions. 

tittiytxtgtittiytxtf  2sin2cos)()()(,2sin2cos)()()(   

ttyttx  2sin)(,2cos)(  and ttyttx  2sin)(,2cos)(   

Rectifiable Paths and Arc length 2.7.2 (Rectifiable means process of finding 

the length of an arc of the curve) 

Let   Rnbaf ,:  be a path in Rn . Let  bxnxxxaP  ,........,2,1,0  be 

partition of [a, b]. The points        xnfxfxfxf ,.......,2,1,0  are vertices of 

inscribed polygon. 

 Then the length of polygonis       



n

i
xifxifPf

1
1  

As we go on refinement P, the polygon approaches the range of f more and more 

closely, so that length of f may be defined as    Pf
P

baf  sup,  

If    baf , , then f is said to be a rectifiable path, otherwise it is called non – 

rectifiable. 
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E.g.   Rf 22,0:  is defined by eittiytxtf  )()()( , 20  t

ttyttx sin)(,cos)(   









 





2,
2

3
,,

2
,01P  

At t = 0, (x, y) = (1, 0),
2


t , (x, y) = (0, 1)  

Then length = 2 so total length = 656.524   

If we take partition 








 





2,
4

7
,

2

3
,

4

5
,,

4

3
,

2
,

4
,02P  

At t = 0, (x, y) = (1,0), 
4


t , 










2

1
,

2

1
),( yx  

Then length = 7655.022   so total length = 8 x 0.7655 = 6.124 

Actual length of arc of circle = 6.285 

So we continuous refinement of partition we got actual length. 

Theorem 2.7.1Let f nfff ,,.........3,2,1  be real valued functions defined on [a, 

b] and let   Rnbaf ,: be a vector valued function defined as

 )(),....,(3),(2),(1)( tf ntftftftf  . Then f is rectifiable if and only if each 

component f k  is of bounded variation on [a, b].Further if f is rectifiable, then 

         baV nbaVbaVbafbaV k ,........,2,1,,   

Where k = 1,2,3, …..,n                                                                           

Where  baV k ,  denotes the total variation of f k  on [a, b] 
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Proof. Let  btntttaP  ,........,2,1,0  be a partition of [a, b].                                                                                                                                                          

Then 

            






n

j
tif jtif j

n

j
tif jtif jtif ktif k

1
1

1
1

2
1

 

{ e.g.  f(t) = ( t, t + 1 ) on [1, 3]. Let P = {1, 2, 3} be partition. 

1)(2,)(1  ttfttf
 

    134232  tf ktf , 

               22232
2

2131
22

1
23

2




 tftftftf

j
tf jtf j

,     2
2

1
23 





j
tf jtf j  } 

    



n

i
tif ktif k

1
1     






n

i

n

j
tif jtif j

1 1
1

2

   






n

i

n

j
tif jtif j

1 1
1  

    



n

i
tif ktif k

1
1  Pf    






n

i

n

j
tif jtif j

1 1
1 …… (i) 

From first inequality of (i), we have    



n

i
tif ktif k

1
1  Pf  

 sup

P

   



n

i
tif ktif k

1
1  sup

P

 Pf  



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

42 
 

  baV k ,  baf ,  ……………….. (ii) 

If f is rectifiable, then    baf ,  

  baV k ,   

Each component f k  is of bounded variation on [a, b] 

From second inequality of (i), we have      






n

i

n

j
tif jtif jPf

1 1
1  

Taking supremum, we get  baf ,  



n

i

baV j
1

,  ……………….(iii) 

If each component f k  is of bounded variation on [a, b], then  baV k ,   

    baf ,
 

 f is rectifiable 

Combining inequality (ii) and (iii), we get the required second part. 

 

Theorem 2.7.2If   Rnbaf ,:  is a curve such that f  is continuous on [a, b], 

then f is rectifiable and    
b

a

dttfbaf )(,  

Proof. Let  btntttaP  ,........,2,1,0  be a partition of [a, b].                                                                                                                                                           

Then     








ti

ti

dttf
ti

ti

dttftiftif

1

)(

1

)(1  

Putting ni ,....3,2,1 and adding, we get      



b

a

dttf
n

i
tiftif )(

1
1  
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  Pf  
b

a

dttf )(  sup

P

 Pf  
b

a

dttf )(  

  baf ,  
b

a

dttf )(    …………………. (i) 

T.P    
b

a

dttfbaf )(,  

Since f  is continuous on [a, b], therefore f   is uniformly continuous on [a, b]. 

For given 0 , there exist 0 such that  )()( tfsf for  ts  

Let  bxnxxxaP  ,........,2,1,0  be a partition of [a, b] with P  

Then  )()( xiftf  for xitxi 1  

  )()()()( xiftfxiftf              [ baba   ] 

 )()( xiftf    

 xixixif
xi

xi

dttf 



 )(

1

)( =   xi

xi

xi

dttfxiftf 



 

1

)()()(  
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  xi

xi

xi

dttfxif
xi

xi

dttf 







 

1

)()(

1

)(

    xi

xi

xi

dtxifxif 



 

1

1     xixixixifxif   11

    xixifxif  21  

Putting ni ,....,3,2,1 and adding, we have 

 
b

a

dttf )(    



n

i

abxifxif

1

)(21    )(2 abPf  

  )(2sup abPf
P

   

 
b

a

dttf )(  baf , )(2 ab   

But   is arbitrary  

  
b

a

dttf )(  baf ,                           ……………… (ii) 

From (i) and (ii) 

   
b

a

dttfbaf )(,

 

Example 2.7.1If   Rf 22,0:   is defined by  tbtatf sin,cos)(  . Show 

that f is rectifiable and find its length. 
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Sol.  tbtatf sin,cos)(    tbtatf cos,sin)(   

 This is clearly continuous in  2,0  

 f is rectifiable                                                                                                                                                            

  dttff  



2

0

)(2,0 =     dttbta 
2

0

cos
2

sin
2

adta 


2
2

0

  

Example 2.7.2If   Rf 31,0:  is defined by  atatattf ,2,2)(  . Find the length 

of curve. 

Sol.  aaattf ,2,2)(   

  dtaataf  
1

0

24 224 21,0   dttadtta   
1

0 2

5
2

22
1

0

54 2

 
4

52log
8

5

4

52
2

1

0

2  ttt
t

a









4

5
log

8

5

2

5
log

8

5

2

3

2

1
2a










4

5
log

16

5

2

5
log

8

5

2

3

2

1
2a










4

5
log5

2

5
log1012

8

a

 5log55log1012
8


a

 5log512
8


a

 

 

 

 

 

 

 

Exercise 2.7 
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1. Show that the length of the curve                                                                                                                                              

(i) x = a cost, y = a sin t, z = a t, 20  t  is a22  

(ii)x = 2 t – 1, y = t + 1, z = t – 2, 30  t  is 63  

(iii)      azayax  ,cos1,sin ,    is 




da cos23

0

2   

 

2.8. Additive and continuity properties of arc length. 

Theorem 2.8.1If  bac , , then      bcfcafbaf ,,,   

Proof. Introducing the point c to a partition P of [a, b], we get a partition P1  of 

[a, c] and a partition P2  of [c, b] such that      PfPfPf 21 
 

      bcfcafbaf ,,,    ………. (i) 

Conversely. We consider a partition P1  of [a, c] and a partition P2  of [c, b], 

then PPP 21  is a partition of [a, b] and  

       bafPfPfPf ,21 
 

      bafbcfcaf ,,,  ………. (ii) 

From (i) and (ii), we get      bcfcafbaf ,,,   

Theorem 2.8.2.Let   Rnbaf ,: be a rectifiable path. For  bax , , let 

 xafxs ,)(   and s(a) = 0. Then                                   
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 (i) The function s is increasing and continuous on [a, b]                                                                                                                                                      

(ii) If there is no subinterval of [a, b] on which f is constant, then s is strictly 

increasing on [a, b]. 

Proof: (i) Let byxa   

T.P. )()( ysxs   

Then      yxfxafyafys ,,,)( 
 

  yxfxsys ,)()( 
 

  yxfxsys ,)()(  0   ………….. (a) 

 )()( xsys   

Hence s is increasing on [a, b]. 

Next we prove s is continuous on [a, b] 

For this let byxa   

Then    yx
n

k
V kyxfxsys ,

1

,)()(0 


  

If xy  , then   0, yxV k k  

  xsxs )(  

Similarly, we can show that  xsxs )(  

Hence s is continuous on [a,b] 

(ii) we are given that f is not constant on any subinterval of [a, b] 
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   0,  yxf  

   0,  yxf  

From (a),  yxfxsys ,)()(  0  s(y) > s(x) 

Hence s is strictly increasing on [a,b]. 

 

2.9. Equivalence of Paths and change of Parameter. 

Definition 2.9.1.Let   Rnbaf ,: be a path. Let    badcu ,,:   be a real 

valued continuous function which is strictly monotonic on [c, d] having range [a, 

b]. Then the composite function ufg  defined by dtctuftg  )),(()(  

is a path having the same graph as f. 

The paths f and g related as above are said to be equivalent paths. 

The function u is said to define a change of parameter. 

Let C denote the common graph of two equivalent paths f and g. If u is strictly 

increasing, we say f and g trace out C in the same direction. If u is strictly 

decreasing, we say f and g trace out C in opposite directions. In this first case,                        

u is said to be orientation – preserving. In second case u is said to be orientation 

reversing. 

Theorem 2.9.1Let   Rnbaf ,: and   Rndcg ,: be two paths in Rn , each 

of which is injective on its domain. Then f and g are equivalent paths if and only if 

they have the same graph. 

Sol. Let f and g are equivalent paths then clearly f and g have the same graph. 

Conversely let f and g have the same graph. 
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Since f is injective and continuous on  ba, , then f 1 exists and is continuous on 

its graph. 

Define    dcttgftu ,,)(1)(  . Then u is continuous on  dc, and 

 )()( tuftg   

u is strictly monotonic and hence f and g are equivalent paths. 

Example 2.9.1Let f and g be complex valued functions defined as follows:  

 1,0,2)(  te ittf  and  2,0,2)(  te ittg  . Prove that f and g have the 

same graph but are not equivalent according to definition. 

Sol. Since  1,0,2)(  te ittf   and  2,0,2)(  te ittg   represented the 

circle of unit disk, so f and g have the same graph. 

If f and g are equivalent, then there is an monotonic function    1,02,0: u  

such that ))(()( tuftg 

tittgtuitutuf  2sin2cos)())((2sin))((2cos))((   

 

In particular, u(1) =  1,0c  

1)1())1((  guf  12sin2cos  cic   c is integer, a contradiction  

 f and g are not equivalent, 



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

50 
 

 Chapter3. 

The Riemann –Stieltjes Integral 

3.1. Definition   

Partition 3.1.1.By a partition P of a closed interval [a, b] we mean a finite set 

 bxnxxxa  ,....,2,1,0 of real numbers such that 

bxnxxxa  ....210  

Note. xixixi 1 for ni ,.....,2,1 xi  is called the length of the segment 

 xixi ,1 . The greatest of the length of the segments of partition P will be 

denoted by P  or  P and will be closed norm of the partition. 

Refinement 3.1.2.A partition P  will be called refinement of another partition P if 

and only if PP  i.e. every element of P is in P . It is clear that PP   

Common Refinement 3.1.3 Give two partition P1and P2 , we say P  is their 

common refinement if PPP 21  

Lower and upper Riemann –stieltjes sums  3.1.4 Let f be a bounded real valued 

function defined on [a, b] and   be monotonically non – decreasing real valued 

function on [a, b] corresponding to each partition. Let                                    

 P =  bxnxxxa  ,....,2,1,0 be a partition on [a, b]. we write 

   xixii 1   and 0 i  

   abi                                                                                                                                                                           

Let    bxaxfMbxaxfm  :)(.sup,:)(.inf  and                                                                                                               

   xixxixfMixixxixfmi  1:)(.sup,1:)(.inf We define 
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lower and upper R – S sums of f w.r.t.  as                                                                                 

   


 i

n

i
mifPL

1

,,  and     


 i

n

i
M ifPU

1

,,  

Note If xx )( , then above lower and upper sum are called Riemann lower and 

upper sums. 

Theorem 3.1.1 Prove the following with P partition and P is its refinement                                                                                                              

    ,,,,)( fPUfPLi      (ii)     ,,,, fPLfPL   

  (iii)     ,,,, fPUfPU   

Proof: (i) Let P =  bxnxxxa  ,....,2,1,0 be a partition on [a, b].                                                                                                            

Let    xixxixfMixixxixfmi  1:)(.sup,1:)(.inf                                                                                                        

Clearly M imi     iM iimi 



n

i

n

i

iM iimi
11



    ,,,, fPUfPL   

(ii) Let Phas one more point of partition of P.                                                                                                                                                

Let  bxnxrxrxxaP  ,.....,,1,....,1,0  and 

 bxnxrtxrxxaP  ,.....,,,1,....,1,0 be partition of [a, b] and P  is 

refinement of P.                                                                                                                                                                                                                          

Let    xrxxrxfM ixrxxrxfmi  1:)(.sup,1:)(.inf

   txxrxfM rtxxrxfm r  1:)(inf,1:)(inf

   xrxtxfM rxrxtxfm r  :)(inf,:)(inf                                                                                                                                                                      

Clearly M iM rM iM rm rmim rmi  ,,,

        








n

ri
imitxrm rxrtm r

r

i
imifPL

1

)(1)(
1

1

,, 
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n

ri
imitxrmixrtmi

r

i
imi

1

)(1)(
1

1


     








n

ri
imixrxrmi

r

i
imi

1
1

1

1
 =  ,, fPL  

(iii)

        








n

ri
iM itxrM rxrtM r

r

i
iM ifPU

1

)(1)(
1

1

,, 

      








n

ri
iM itxrM ixrtM i

r

i
iM i

1

)(1)(
1

1


     











n

i
iM i

n

ri
iM ixrxrM i

r

i
iM i

11
1

1

1
 =

 ,, fPU  

Note. If P1  and P2  are two partition of [a, b] and PPP 21  the common 

refinement. It is clear that     ,,,,1 fPLfPL   ,, fPU  ,,2 fPU  

3.2. Definition 

Lower and upper Riemann –Stieltjes integrals Let f be a bounded real valued 

function defined on [a, b] and   be monotonically non – decreasing real valued 

function on [a, b] corresponding to each partition. Then Lower Riemann –

Stieltjesintegral =   ,, fPSupL
b

a

fd 



 and                                                                                                                          

upper Riemann –Stieltjesintegral =   ,,inf fPU
b

a

fd 



                                                                                                  

When Lower and upper Riemann –Stieltjesintegrals are equal, then their common 

value is called Riemann –Stieltjesintegral and is written as  
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b

a

xdxf
b

a

fd )()(  and we say f is Riemann –Stieltjes integral with respect to 

 on [a, b]                                                                                                                 in 

symbols, we write as )(Rf  on [a, b] or   baRf ,,  

 Students easy understand the above concept (Theorem 3.1.1 and definition 3.2) 

by given below Example 

Example3.2.1. If xxf cos)(  and xx sin)(  . Find  ,, fPL  and  ,, fPU

on 








2
,0


. Also verify theorem 3.1.1 and definition 3.2. 

Sol. Let 









2

,
4

,0


P be a partition of 








2
,0


, clearly f(x) is decreasing and )(x

is increasing function. 

For 









4
,0

1


I then 10cos1,

2

1

4
cos1  Mm


,

 
2

1
0

2

1
0

4
1 








 


  

For 









2
,

42


I then

2

1

4
cos2,0

2
cos2 


Mm ,

2

1
1

42
2 






















  

  5.0
2

1
0

2

1

2

1
2211,,   mmfPL  

  914.0
2

1
2

2

1
1

2

1

2

1
12211,, 








  MMfPU  
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Take new partition Pwhere P  is refinement of P.                                                                                                                                                                                                                           

Let 









2

,
3

,
4

,
6

,0


P be a partition on 








2
,0


 

For 









6
,0

1


I then 

2

1
0

2

1
1,11,

2

3
1  Mm  

For 









4
,

62


I  then 

2

1

2

1
2,

2

3
2,

2

1
2  Mm  

For 









3
,

43


I then 

2

1

2

3
3,

2

1
3,

2

1
3  Mm  

For 









2
,

34


I then 

2

3
14,

2

1
4,04  Mm  

   44332211,,  mmmmfPL  

659.0
2

1

2

3

2

1

2

1

2

1

2

1

2

1
.

2

3
























  

   44332211,,  MMMMfPU  

858.0
2

3
1

2

1

2

1

2

3

2

1

2

1

2

1

2

3

2

1
1 






































  

     ,,,,)( fPUfPLi      (ii)     ,,,, fPLfPL      (iii)

    ,,,, fPUfPU 
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Also dxxxdxxxdxf 
2

0

2

0

cos.cos
2

0

)()( cos
2



  

   
2

2sin 2

02

12

0

2cos1
2

1 x
xdxx  




786.0
4



 

  5.0,, fPL ,   659.0,,  fPL  , …………….. and   914.0,, fPU , 

  858.0,,  fPU , ……….. 

Continuously we take new partition P  is refinement of P increasing the value 

ofLower Riemann –Stieltjessum and decreasing the value of Upper Riemann –

Stieltjessum.  

We get  



 ,,.sup
2

)()(

0
fPLxdxf 



 and  



,,.inf

0

)()(
2

fPUxdxf 



 

 

 Theorem 3.2.1Let f be a bounded function and  be non – decreasing function on 

[a, b], then 







b

a

fd
b

a

fd   

Proof: Let P1  and P2  are two partition of [a, b] and PPP 21  the common 

refinement. We get     ,,2,,1 fPUfPL   
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 ,,2 fPU isupper bound of  ,,1 fPL
 

But   ,, fPSupL
b

a

fd 



                                                                                                                                                                      

we know that bubul ....   

   ,,2 fPU
b

a

fd 

  





b

a

fd is lower bound of  ,,2 fPU                                                                                                                                                               

But   ,,inf fPU
b

a

fd 



                                                                                                                                                              

We know that ..... blblg   

 






b

a

fd
b

a

fd   









b

a

fd
b

a

fd  . 

Cor. For any partition P of [a, b],     
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    ,,,, fPU
b

a

fd
b

a

fdfPL 







  

Theorem 3.2.2Let f be bounded and  a non -decreasing function on [a, b], then 

)(Rf  if and only if for every 0 , a partition P such that 

      ,,,, fPLfPU  

Proof: Let )(Rf   

 







b

a

fd
b

a

fd
b

a

fd      ………………. (i)                                                                                                                                                                                                                                

T.P.       ,,,, fPLfPU  

Since   ,,sup fPL
b

a

fd 



 over all P                                                                                                                                                 

there exist a partition P1  such that  

 
2

,,1


 




b

a

fdfPL ……………… (ii)                                                                                                                                        

Again   ,, fPInfU
b

a

fd 



over all P                                                                                                                                                

there exist a partition P2  such that  



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

58 
 

 
2

,,2


 




b

a

fdfPU ………………. (iii)                                                                 Let 

PPP 21  so P is common refinement                                                                                                                                                                    

         ,,2,,,,,,1 fPUfPUfPLfPL 

   
2

,,2,,


 




b

a

fdfPUfPU    from (iii)                                                                                                                                          

From (i) we get  
2

,,


 
b

a

fdfPU ………………. (iv) 

    Also    
2

,,1,,


 




b

a

fdfPLfPL   from (ii)                                                                                                              

from (i) we get  
2

,,


 
b

a

fdfPL  

  
2

,,


 
b

a

fdfPL                                   ……………… (v)                                                                                

    Adding (iv) and (v) we get       ,,,, fPLfPU  

Conversely  Let       ,,,, fPLfPU                                                                                                                                                   

Now we prove that )(Rf  over [a, b]                                                                                                                                                                                                                                
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We known that     ,,,, fPU
b

a

fd
b

a

fdfPL 









     







 ,,,,0 fPLfPU
b

a

fd
b

a

fd

 

  






b

a

fd
b

a

fd                                                                                                                                                                                  

Since   is arbitrary, we have 







b

a

fd
b

a

fd   )(Rf  over [a, b]                                                                                                                                                                                                                                                                                                                                                   

Theorem 3.2.3Let   Rbaf ,:  be a bounded function and let  be a monotonic 

increasing function on  ba, .If f is continuous on the [a, b] then  Rf  on [a, b]. 

Proof: Let 0 be given. Now f, being continuous on [a, b], is uniformly 

continuous on [a, b].                                             

  0 Such that 

1)()(
)()(




ab
yfxf



  bayx ,,,  Whenever  yx …… (i)                                                                                    

  Let  bxnxxaP  ,......,1,0  be a partition of [a, b] with P                                                                                                                                               

Since a continuous function on closed domain [a, b] is bounded and attains its 

bounds in [a, b], therefore there exist  xixidici ,1,   such that   micif   
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and   Midif  where 

   xixxixfMixixxixfmi  1:)(sup,1:)(inf

     i

n

i
mii

n

i
M ifPLfPU 








11

,,,,    i

n

i
miM i 





1

      i

n

i
cifd if 





1

 

    ,,,, fPLfPU  






n

i
i

ab 11)()(





From (i) 

)()(
1)()(

ab
ab








   

       ,,,, fPLfPU  

  Rf  on[a, b]. 

Theorem 3.2.4If f is monotonic on [a, b] and if   is continuous on [a, b] then 

 Rf   on [a, b]. 

Proof: Let  bxnxxaP  ,.....,1,0 be a partition of [a, b].                                                                                                                               

 is continuous on [a, b] 

 takes all values between )(a and )(b  

By intermediate value theorem                                                                                         

Choose 
n

ab
i

)()( 



  where ni ,....,2,1                                                                                                                                                                                                                                         

Since f is monotonic                                                                                                                                                                                          

  either  f is monotonic increasing or monotonic decreasing.                                                                                                                                                                                         

Let us suppose that f is monotonic increasing.  
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Let miM i , be the bound of f on  xixi ,1                                                                                      

Then    xifmixifM i 1, 

          









n

i
xifxif

n

ab
i

n

i
miM ifPLfPU

1
1

)()(

1

,,,,




 )()(
)()(

afbf
n

ab






                                                                                                                                                              

Since  )()( ab    )()( afbf   is a fixed constant.  

By taking n sufficiently large 

  
n

afbfab )()()()( 
 Can be made less than   

Where > 0 is arbitrary                                                                           

      ,,,, fPLfPU  

  Rf  on [a, b].         

Theorem 3.2.5Let f be bounded on [a, b] having finitely many points of 

discontinuity in [a, b] and let   be monotonically increasing function which 

is continuous at all those points where f is discontinuous.                                         

Then )(Rf  on [a, b]. 

Proof: Let  c pcc ,.....,2,1  be the set of finitely many points at which f is 

discontinuous such that c pcc  .....21 . We can enclose these p points in 

p non – overlapping intervals 

     b pa pbaba ,,,.........2,2,1,1      ………………. (i)                                                                                                                   

    
 121 





mM

p

i
aibi
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Where M and m are bounds of f on [a, b] and it is possible as  is continuous 

at c pcc ,.....,2,1 .  

Now f is continuous in each of p + 1 sub – intervals 

     bb pabaa ,,,.........2,1,1, …………………. (ii)                                                                                     

There exist partitions P pPP 1,.....,2,1   of      bb pabaa ,,,.........2,1,1,  

respectively such that    
)1(2

,,,,



p

fPiLfPiU



 

Let Pi

p

i
UP

1

1






 

  contribution of the subintervals in (ii)                                                     

     
2

1
)1)2

,,,,


 


 p
p

fPLfPU ………..(iii)                                                                                                                                                                                                             

Since each of the sub – intervals in (i) is subset of [a, b], therefore oscillation 

of f in any of these sun – intervals mM  .                                                                                                                                                                                                                                 

           aibimMfPLfPU
p

i

  
1

,,,,

      



p

i
aibimM

1



 

 
 12 


mM

mM


2


 …………… (iv)                                                                                                                                                     

From (iii) and (iv) we get     


 
22

,,,, fPLfPU
 

 )(Rf  on [a, b]. 
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Theorem 3.2.6If )(1 Rf  and )(2 Rf  on [a, b] then )(21 Rff 

on [a, b] and    db
a fdb

a fdb
a ff   2121  

Proof: Since )(1 Rf 
 

There exist a partition P1  of [a, b] such that 

   
2

,1,1,1,1


  fPLfPU  ……………… (i) 

Since )(2 Rf 
 

There exist a partition P2  of [a, b] such that 

   
2

,2,2,2,2


  fPLfPU ……………… (ii)                                                                   

Let PPP 21  be a common refinement.                                                                                                                                        

  (i) And (ii) will hold for P also                                                                                                                                           

   
2

,1,,1,


  fPLfPU …………….. (iii)                                                                                                                                               

And    
2

,2,,2,


  fPLfPU   …………… (iv)                                                                                                                                                  

Adding (iii) and (iv)                                                                  

          ,2,,2,,1,,1, fPLfPUfPLfPU ………….. (v)                                                                                                                                                 

Let fff 21                                                                                                                                                                             

we know that      fSupfSupffSup 2121    and 

     fInffInfffInf 2121 
 

       ,2,,1,,, fPUfPUfPU  and

      ,2,,1,,, fPLfPLfPL 
 

   
        







,2,,2,,1,,1,

,,,,

fPLfPUfPLfPU

fPLfPU
    From (v)                        
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 )(21 Rfff   

Also  
2121,1,1





 



db
a fda ffPU b and

 
2222,2,2





 



db
a fda ffPU b  

 Let PPP 21  be a common refinement.                                                                                                                                                                             

 
21,1,


  db
a ffPU and  

22,2,


  db
a ffPU                                                                                                                        

Also       ,2,,1,,, fPUfPUfPU  < db
a f 1 + db

a f 2 +  

But   ,, fPUdb
a f   

  db
a f db

a f 1 + db
a f 2 +  

Since   is arbitrary                                                                                                                                                                                     

 db
a f  db

a f 1 + db
a f 2 …………….(vi)                                                                                                                                                    

Similarly we get   db
a f  db

a f 1 + db
a f 2 …………… (vii) 

From (vi) and (vii) we get    

   db
a fdb

a fdb
a ff   2121  

Theorem 3.2.7If )(Rf  on [a, b] then )(Rcf  and 

 db
a fcdb

acf   

Proof: If c = 0 then the result is obvious. 

Case 1.if c > 0 then Sup c f = c Sup f and Inf c f = c Inf f                                                                                                                               

  for any partition P of [a, b] we have 
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U(P, c f,  ) = c U(P, f,  ) and L(P, c f,  ) = c L(P, f,  )   

U(P, c f,  ) - L(P, c f,  ) =  c U(P, f,  ) - c L(P, f,  )  

= c {U(P, f,  ) -  L(P, f,  )} < c . 
c


=  

 )(Rcf   

Also  da fcda cf bb 



 

  db
a fcdb

acf   

Case 2.if c < 0. Then  Sup c f = c Inf f and Inf c f = c Sup f                                                                                                                               

  for any partition P of [a, b] we have  

U(P, c f,  ) = c L(P, f,  ) and L(P, c f,  ) = c U(P, f,  )   

U(P, c f,  ) - L(P, c f,  ) =  c  L (P, f,  ) -  c  U(P, f,  )  

= - c  {U(P, f,  ) -  L(P, f,  )} < (-c) . 
c


=  

 )(Rcf   

Also  db fcdb cf
aa


  

  db
a fcdb

acf   
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3.3.Another Definition of Integrability. 

Let f be a bounded real valued function on [a, b] and let  be monotonic 

increasing. Let  bxnxxxaP  ,......,2,1,0 be a partition of [a, b]. 

Choose tntt ,......,2,1 such that xitixi 1 , ni ,...,2,1  and form the 

sum      


 i

n

i
tiffPS

1

,,  (This is called sum function) If there is a 

number I for which to every 0 ,   a positive number  such that 

    IfPS ,,  whenever    P  i.e.   IfPSLt
P













,,

0
 

Theorem 3.3.1 If  


,,

0

fPSLt
P 







 exists, then  Rf   and 

  








b

a

fdfPSLt
P




,,

0
 

Proof: Let   IfPSLt
P













,,

0
 

given 0 ,   a positive number  such that 

 
2

,,


  IfPS Whenever    P  
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2

,,
2





 IfPSI ……………….. (i)                                                                                                  

Let  ,, fPL  and  ,, fPU  be the g.l.b. and l.u.b. resp. of the sums 

 ,, fPS  so obtained.                                                            

Then (i) give 

   
2

,,,,
2





 IfPUfPLI …………….. (ii)                                                                                 

 
2

,,


  IfPU and  
2

,,


  IfPL
 

 i.e.  
2

,,


  IfPL
 

      ,,,, fPLfPU  

  Rf                                                                                                                                           

Also     ,,,, fPU
b

a

fdfPL 

 

From (ii) we have 
22





 I

b

a

fdI

 

 


 
2

I
b

a

fd

 

  


 ,,

0

fPSLt
P

I
b

a

fd











 



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

68 
 

 

3.4.Properties of Riemann – Stieltjes Integral 

Theorem 3.4.1If  Rgf ,  on [a, b], then  RBgAf   on [a, b] 

and    d
b

a

gBd
b

a

fAd
b

a

BgAf    where A and B are real 

constants. 

Proof: For a given partition P of [a, b],  

Let BgAf  , then      

            











 i

n

i
tigBi

n

i
tifAi

n

i
tiBgAfi

n

i
tiPS

1111

,,

       ,,,,,, gPBSfPASPS                                                                                                                                                                                                                             

Let 0 be given                                                                                                                                                                                                                                                 

since  Rgf , , there exist partitions P f and P g such that                                                      

 
A

d
b

a

ffPS
2

,,


    and  
B

d
b

a

ggPS
2

,,


   

 Where PPgPP f  ,                                                                                                                                                                                                         

If PgP fP  then for any partition P finer than P  
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       d
b

a

gBd
b

a

fAgPBSfPASd
b

a

gBd
b

a

fAPS  ,,,,,,

     d
b

a

gBgPBSd
b

a

fAfPAS  ,,,,

     d
b

a

ggPSBd
b

a

fAfPSA  ,,,,

 

B
B

A
A

22


   

    d
b

a

gBd
b

a

fAPS ,,

 

    d
b

a

gBd
b

a

fAd
b

a

BgAf    

Cor. If  Rgf ,  on [a, b], then f + g  R  and f – g  R  

Proof Taking A = 1 and B = 1 in above theorem we get f + g  R  and A = 

1 and B = -1 in above theorem we get f – g  R  

Theorem 3.4.2If  Rf   and  Rf  , then   BARf  on[a, 

b], where A and B are real constants then 

   d
b

a

fBd
b

a

fABAd
b

a

f   
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Proof: For a given partition P of [a, b],

          








 i

n

i
tifBi

n

i
tifAB iA i

n

i
tifBAfPS

111

,,

    ,,,, fPBSfPAS   

Let 0 be given                                                                                                                                                                                   

since  Rf  and  Rf   there exist partitions P and P  such that                                                      

 
A

d
b

a

ffPS
2

,,


    and  
B

d
b

a

ffPS
2

,,


   

Where PPPP  ,                                                                                                                                                                                                         

If PPP  then for any partition P finer than P 

 

    



d
b

a

fBd
b

a

fAfPBSfPAS

d
b

a

fBd
b

a

fABAfPS





,,,,

,,

     d
b

a

fBfPBSd
b

a

fAfPAS  ,,,,

     d
b

a

fBfPSBd
b

a

ffPSA  ,,,,

 

B
B

A
A

22


   

    d
b

a

fBd
b

a

fABAd
b

a

f   
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Theorem 3.4.3If  Rf   on [a, c] and [c, b], then  Rf   on [a, b] 

and 

b

c

fd
c

a

fd
b

a

fd   

Proof: Let P be a partition of [a, b] such that Pc .  

Then  caPP ,  and  bcPP , are partition of {a, c] and [c, b] 

respectively.  

 Then Riemann – Stieltjes sums for these partition                 

      ,,,,,, fPSfPSfPS   

Let 0 be given, there is a partition P of  ca, and a partition 

P   of  bc,  

 
2

,,



c

a

fdfPS  and  
2

,,



b

c

fdfPS 

 

 Where PPPP   ,
 

Then PPP   is a partition of [a, b] such that PP 

  
b

c

fd
c

a

fdfPS ,,     
b

c

fd
c

a

fdfPSfPS  ,,,,

    
b

c

fdfPS
c

a

fdfPS  ,,,,
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22

,,,,
b

c

fdfPS
c

a

fdfPS                                          

Hence 

b

a

fd  exists and  

b

c

fd
c

a

fd
b

a

fd 

 

 

3.5 Integration By Parts (Partial Integration Theorem) 

Theorem 3.5.1 If  Rf   on [a, b], then  fR  on [a, b] and 



b

a

xdfxaafbbf
b

a

xdxf )()()()()()()()(   

Proof: Let 0 be given                                                                                                                                                                                   

Since  Rf   on [a, b], there exists a partition P  such that 

   
b

a

fdfPS ,, …….(i) 

Let  bxnxxaP  ,.....,1,0  be a partition of [a, b]. 

 Choose tntt ,......,2,1  such that xitixi 1   and btnat  1,0 .  

So that tixiti 1 . Clearly  btntttaQ  1,......,2,1,0  is also a 

partition of [a, b]. 

          






n

i
xixitif

n

i
itiffPS

1
1

1

,,   

                    xnxntnfxxtfxxtf 1.......122011  

 



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

73 
 

                    tnftnfxntftfxtftfx  1.......121010 

       tnfxntfx 100  

        tnfxntfxsubtractandadd 1,00   

              tiftif
n

i
xiafabfb 1

1

1
1 




   

           fQSafabfbfPS ,,,,    

 fQSA ,, ………….. (ii) 

From (i) and (ii) 

   
b

a

fdfQSA ,,  

    














b

a

fdAfQS ,,

 

  fR  

Also 

b

a

xdfx )()( = A - 

b

a

xdxf )()(   

From (ii) we have  



b

a

xdfx )()( = )()()()( aafbbf    - 

b

a

xdxf )()(  



b

a

xdfxaafbbf
b

a

xdxf )()()()()()()()(   
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3.6 Change of Variables 

Theorem 3.6.1 If  Rf   on [a, b] and g is strictly monotonically 

increasing function that maps of interval [c, d] onto [a, b]. Let h and   be 

defined on [c, d] by ))(()( xgfxh   and ))(()( xgx    

Then  Rh  and 

b

a

fd
d

c

hd   

Proof: Since g is strictly monotonically increasing and onto function 

therefore    badcg ,,:   is an invertible function. 

  Corresponding to every partition  bxnxxaP  ,.....,1,0  of [a, b], 

there exists a partition  dynyycP  ,.....,1,0  of [c, d] such that 

  yixig 1 .In fact, we can write   PPg 1                                                                                         

Since  Rf  , therefore for given 0 , there exists a partition P  of 

 ba,  such that PP   

   
b

a

fdfPS ,, …………….. (i)                                                                                                                                                                         

 

Let   PPg 


1 be the corresponding partition of  dc, such that 

PP   
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 From a Riemann – Stieltjes sum      


 i

n

i
tihhPS

1

,,

 

Where    yiyiiyitiyi 1,1  

        yiyi

n

i
tihhPS 1

1

,, 


 

         yigyig
n

i
tigf 1

1




                                                                                                  

Take    yigxitigui  ,
 

        xixi

n

i
uifhPS 1

1

,, 


    =   ,, fPS  

From (i)    
b

a

fdhPS ,,

 

  Rh and 

b

a

fd
d

c

hd 

 
 

 

 

 

 

 

3.7 Reduction to Riemann Integral 
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Theorem 3.7.1 If  Rf   on [a, b] and let  has a continuous derivative 

on [a, b]. Then the Riemann integral     
b

a

dxxxf   exists and 

        

b

a

dxxxf
b

a

xdxf   

Proof: Let    xxfxg )(                                                                                                                                                                                     

For any partition  bxnxxaP  ,.....,1,0  of [a, b] 

Consider Riemann sum  

     






n

i
xititif

n

i
xitiggPS

11

),(   ……………. (i)                                                                                                                                                                     

Using the same partition P, consider the Riemann – Stieltjes sum                                                                                                       

          






n

i
xixitif

n

i
itiffPS

1
1

1

,,  ………. (ii)                                                                                                    

Using mean value theorem we can write 

   
 ck

xixi

xixi 







1

1 , xickxi 1                                                                                                                        

From(ii) 

 ,, fPS  

         xi

n

i
ckt ifck

n

i
xixit if 








11
1     …………… (iii)                                                       

(iii) -  (i) we get 

         xi

n

i
ticktifgPSfPS 





1

),(,,  …………..(iv)                                                                                    
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Since f is bounded on [a, b], therefore M > 0 such that 

 baxMxf ,,)(  since is continuous on closed interval [a, b], 

therefore it is uniform continuous on [a, b].                                                        

 for given 0 , there exist 0 such that                                                                        

   
)(2 abM

yx





  whenever  yx  

If we take a partition P with norm  P then for any finer partition P 

we have        
 abM

tick



2


                      from (iv)

        









n

i
xi

abM
Mxi

n

i
ticktifgPSfPS

1)(2
.

1

),(,,




)(
)(2

. ab
abM

M 





 

  
2

),(,,


  gPSfPS                                                     …………. (v)                                                                                                                                                            

Since  Rf   on [a, b], there exists a partition P such that P finer 

than P  therefore 

 
2

,,


 
b

a

fdfPS …………….. (vi)        

If PPP   , then both the inequalities (v) and (vi) hold for every 

partition P finer than P   

    ),(,,,,),( gPSfPS
b

a

fdfPS
b

a

fdgPS 
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    ),(,,,, gPSfPS
b

a

fdfPS   



22




b

a

fd
b

a

dxxg )( exists and     
b

a

b

a

fddxxxf 

 

 

3.8 Step Functions as Integrators 

If    is constant in [a, b] then   0,, fPS  or 0

b

a

fd                                                                                                                                                                   

However, if is constant except for a jump discontinuity at one point, then 



b

a

fd need not exists, if it exist than its value may not be zero. 

Definition Step function- A function   Rba ,: is called step function if 

there is a partition of [a, b]. Let  bxnxxaP  ,....,1,0  such that   

is constant in  xixi ,1  

Jump: Difference between 




 





 

xixi   is called jump denoted by 

 i  

 

 

 

 

Theorem 3.8.1 Let a < c < b. Define  ba,  as follows: 
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bxcb

cxaa
x

,

,




 , The values  a ,  b and  c  are arbitrary. 

Let  baf ,  be defined in such a way that at least one of the function f or 

 is continuous from left at c and at least one is continuous from the right 

at c. Then  Rf   on [a, b] and we have     cccf
b

a

fd   )( . 

Proof: If Pc , then  ,, fPS  is zero except the two terms which arise 

from the subinterval separated by c, so that

             ccxifccxiffPS   )(1,, , 

xicxi 1  

      cccffPS   )(,,

           ccxifccxif   )(1     cccf  )(

           ccxifccxif   )(1

        cccccf  )(

             cccfxifcccfxif   )()()(1  

       cccffPS   )(,,

             cccfxifcccfxif   )()()(1

     
       cccfxif

cccfxif









)(

)()(1
…………. (i) 

Case1. If f is continuous at c, given 0 there exist 0 such that

P
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    )(1 cfxif and    )(cfxif                                                                                                                                                                                                   

From (i) we have  

      cccffPS   )(,, <    cc                …………… (ii) 

Case 2.If f is discontinuous at c and   is continuous at c.                                                                                                                                                                   

  cc  )(  And  cc  )(  

From (i)       cccffPS   )(,, < 0 <      ………….. (iii) 

Case 3.If f is continuous from the left and discontinuous from the right at c 

then  will be continuous from right so that  cc  )( . Then from (i) 

we have                                                                                                      

      cccffPS   )(,, <  cc  )( ………(iv) 

Case 4.If f is continuous from the right and discontinuous from the left at c 

then  will be continuous from left so that  cc  )(   . Then from (i) 

we have                                                                                                      

      cccffPS   )(,, <    cc   …………(v)                                                                                                                    

  from (ii) , (ii), (iv), (v) we get 

      cccffPSLt
P








)(,,

0)(
 

     cccf
b

a

fd   )(  
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3.9 Reduction Of Riemann – Stieltjes Integral to a finite 

Sum 

Theorem 3.9.1 Let  be a step function defined on [a, b] with 

  Rbaf ,: such that not both f and are discontinuous from right or 

left at each jump point  i at xi . Then  Rf   on [a, b] and 

 




n

i
ixif

b

a

fd
1

  where xnxx ,....,2,1  are jump point of   

Proof: Let  bxnxxaP  ,....,1,0  be a partition of [a, b]







b

xn

fd
x

x

fd
x

a

fd
b

a

fd

1

......
2

1

1
  

       




n

i
ixifnxnfxfxf

b

a

fd
1

......2211 

 

  Rf   

Theorem 3.9.2.Every finite sum can be written as a Riemann – Stieltjes 

integral. In fact, given a sum


n

i

ai
1

define f be a function on [0. n] for which 

aiif )(  and continuous from left at ni ,...,2,1  with f (0) = 0. Then  

 


n
xdxfifai

n

i

n

i 0

)()(
11

 

Proof: As  x  =[x] = greatest integer function.   

 Jump for [x] is 1 at each jump point i.e.    ixi 1  
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n

i

n

i

n

i

aiifiif
n

xdxf
1110

)(   

 

3.10 Euler’s Summation Formula 

Theorem 3.10.1 If f has a continuous derivative f  on [a, b], then we have 

        bbfaaf
b

a

dxxxf
b

a

dxxf

bxa

xf )()()()()(  


                                                                                                                                             

Where     xxx  .                                                                                                                                                                          

When a and b are integers, this becomes 

 
2

)()(

2

1
)()()(

bfafb

a

dxxxxf
b

a

dxxf
b

ax

xf


 











 

Proof: Using integration by parts, we get                               

            
b

a

xfdxxxxxf
b

a

b

a

xxdxf )()()(

 


       

     aaafbbbf

b

a

xfdxx
b

a

xxdxf



  

)()(

)()(
…….. (i)                                                         

As Riemann – Stieltjes is a linear function of the integrator, we have 

     
b

a

xdxf
b

a

dxxf
b

a

xxdxf )()()(                                   ……. (ii)                                                                                                                                      

Since f   is continuous on [a, b], we have                                                                                                                                     

      dx
b

a

xxxf
b

a

xfdxx    )()( ……….(iii)                                                                              
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From (i) , (ii) and (iii), we have 

          aaafbbbfdx
b

a

xxxf
b

a

xdxf
b

a

dxxf   )()()()()(

          bbbfaaafdx
b

a

xxxf
b

a

dxxf
b

a

xdxf   )()()()()(

 

As greatest integer function has jumps at integral points has jumps 1                                                                                                     

As every finite sum can be written as Riemann – Stieltjes integral by we 

have   



bxa

xf
b

a

xdxf )()(  

so

        bbbfaaafdx
b

a

xxf
b

a

dxxf

bxa

xf  


)()()()()(

If a and b are integers, then ((a)) = 0 and ((b)) = 0 and 

)()()( af

bxa

xf
b

ax

xf 





we have 

  dx
b

a

xxf
b

a

dxxfaf
b

ax

xf  


)()()()(

      



b

a

dxxf
b

a

dxxfafdx
b

a

xxf
b

a

dxxf
b

ax

xf )(
2

1
)(

2

1
)()()()(

    )()(
2

1
)(

2

1
)()()()( afbf

b

a

dxxfafdx
b

a

xxf
b

a

dxxf
b

ax

xf   




 
2

)()(

2

1
)()()(

bfafb

a

dxxxxf
b

a

dxxf
b

ax

xf
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3.11 Comparison Theorem

 
Theorem 3.11.1 If  Rf  on [a, b], then 

   )()()()( abM
b

a

fdabm    where m and M are bounds of 

‘f’ in [a, b] 

Proof: Since  Rf  on [a, b], then                                                                                               









b

a

fd
b

a

fd
b

a

fd                                                                                                                                                                                                                                                            

Let  bxnxxaP  ,....,1,0 be any partition of [a, b] and M imi , be 

bound of ‘f’ in  xixi ,1  

Then MMimim 
 

 












n

i
iM

n

i
iM i

n

i
imi

n

i
im

1111


 

     






n

i
iMfPUfPL

n

i
im

1

,,,,

1


 

        )()(,,,,)()( abMfPUfPLabm      …….(i)                                                                                                                      

We know that     ,,,, fPU
b

a

fd
b

a

fdfPL 
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    ,,,, fPU
b

a

fdfPL  …………(ii)                                                                                                                                                

From (i) and (ii) we have       )()()()( abM
b

a

fdabm    

Theorem 3.11.2 If 0)( xf   bax , , then 0
b
a fd  

Proof: We know that          abMb
a fdabm   .                                                                                             

Since 0)( xf  0m  

      0 abm   

 0
b
a fd  

Theorem 3.11.3 If 0)( xf   bax , , then 0



b fd
a

  

Proof: We know that          abMb
a fdabm   .                                                                                             

Since 0)( xf  0M  

      0 abM   

 0
b
a fd  

Cor.3.11.1 If    xfxf 21  ,  bax ,  then 
b
a dfb

a df  21                                                                                                                   

If      xfxf 21       021  xfxf    021  xff
 

   021  b
a dff 
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b
a dfb

a df  21  

Cor.3.11.2 If    xfxf 21  ,  bax ,  then 
b
a dfb

a df  21  

 

3.12 First mean value theorem for Riemann – Stiltjes 

Integrals 

Theorem 3.12.1 If )(Rf   on [a, b] and   is monotonically increasing 

on [a, b], then     ab
b

a

fd     for some  , where Mm   . 

Further if f is continuous on [a, b], then there exist  bac ,  such that 

    abcf
b

a

fd   )(  

Proof:we known that 

         abM
b

a

fdabm   …………..(i)                                                                          

Since Mm    

               abMababm             …………….(ii)                                                                                         

From (i) and (ii) we have       ab
b

a

fd                                                                                                                                      

Now as f is continuous on [a, b], therefore by intermediate value theorem, 

there exist  bac ,  such that )(cf . Put in (ii) we have 

    abcf
b

a

fd   )(  
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3.13 Second mean value theorem for Riemann – Stiltjes 

Integrals 

Theorem 3.13.1 If f is monotonically increasing on [a, b] and  is 

continuous on [a, b], then there exist  bac ,  such that  



b

c

dbf
c

a

daf
b

a

fd  )()(  

Proof. By integration by parts, we have 



b

a

dfaafbbf
b

a

fd  )()()()(             ……….(i)                                                 

Also we have     afbfc
b

a

df  )(                                                                                                                                                         

Put in (i) we have 

    afbfcaafbbf
b

a

fd  )()()()()( 

   )()()()()()( cbbfacaf    


b

c

dbf
c

a

daf  )()(  

 

 

 



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

88 
 

 

 

3.14 Fundamental Theorem of Integral Calculus 

Theorem 3.14.1 Let  be a function of bounded variation on [a, b] and 

)(Rf  on [a, b]. 

 Let 
x

a

fdxF )(  ,  bax ,                                                                                                                                                                                         

Then (i) F is of bounded variation on [a, b]     

 (ii) Every point of continuity of  is also a point of continuity of F     

 (iii) if is monotonically  increasing on [a, b], then 

)(xF  Exist at each point x in [a, b] where )(x  exists and f is continuous. 

Also for such x, we have 

)()()( xcfxF  ,  bac ,  

Proof: Let  bayx ,,   and yx                                                                                                                                                   

Then 
x

a

fd
y

a

fdxFyF )()(

 


a

x

fd
y

a

fd  
y

x

fd    ……….(i)                                                                                                             

By first mean value theorem for R-S integral, we have                                                                  

    xy
y

x

fd    where Mm   ………(ii)                                                                                                                                            

From (i) and (ii) we have     xyxFyF   )()( ………..(iii)                                                                                  
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(i) Since  be a function of bounded variation on [a, b] , then from (iii) we 

get F is also bounded variation on [a, b].                                                                                                                                                                   

(ii)  Let   be continuous at c, where  bac ,  , therefore for given 0 , 

there exists 0 such that    



  cx whenever cx From 

(iii) we have  

    



  cxcFxF )()(  

Hence F is continuous at c  

(iii)
   

)(
)()(

)( x
xy

xy
Lim

xyxy

xFyF
Lim

xy

xF 


 















)()( xcf   

 

3.15 Integrators Of Bounded Variation 

Theorem 3.15.1 Assume that  is of bounded variation on  ba, . Let )(xV

denote the total variation of on  xa,  if bxa  , and 0)( aV . Let f 

be defined and bounded on  ba, .                                                                      

 If  Rf  on  ba, ,then  VRf  on  ba, .   

Proof: If 0)( bV , then V is constant and the result is trivial. Suppose 

therefore, that 0)( bV . 

Since f is bounded on  ba, . Let Mxf )(  bax ,  

Since  Rf  on  ba, , given 0 , choose a partition P  so that 
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For any finer P and  xixit iti ,1,   

We have  
81


 




b

a

fd
n

i
itif and  

81


 




b

a

fd
n

i
it if  

    






n

i
it if

n

i
itif

11


   




































b

a

fd
n

i
it if

b

a

fd
n

i
itif 

11

    






b

a

fd
n

i
it if

b

a

fd
n

i
itif 

11  

488


  ……………..(i) 

Since )(bV is total variation of .  

    



n

i
xifxif

P

bV

1
1sup)( 




n

i
i

P 1

sup   


M

bV
n

i
i

4
)(

1


 





 


M

n

i
ibV

41

)(


 


 ……………….(ii) 

To prove      VfPLVfPU ,,,,  

We shall prove two inequalities  
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21


 



 iV i

n

i
miM i and

21


 



 i

n

i
miM i  

We note that 0 iVi  

  iV i

n

i
miM i 





1

     iV i

n

i
xifxif 




1
1  

 



n

i
iV iM

1

2 

 

 



n

i
iaVbVM

1

)()(2   

 



n

i
ibVM

1

)(2 

 

24
.2




M
M {from (ii)}                                                   ……………..(iii) 

By definition of positive and negative variations 

 0:)(   iiPA ,  0:)(   iiPB  

Choose 
)(4 bV

h


  

  bayxyfxfmiMi ,,:)()(sup   

If )(PAi then    t iftift iti   

    t iftifhmiMi   
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     ht iftifmiMi  …………….(iv) 

If )(PBi then    t iftift iti   

    tift ifhmiMi   

     htift ifmiMi  ………………..(v) 

   i

n

i
miM i 





1

   







)()( PBi
imiMi

PAi
imiMi   

         







)()( PBi
ihtift if

PAi
iht iftif   

 {from (iv) and (v)} 

          









n

i
ih

PBi
itift if

PAi
it iftif

1)()(
  

          









n

i
ih

PBi
it iftif

PAi
it iftif

1)()(
  

     






n

i
ih

n

i
it iftif

11
 




n

i
V ih

14


 

{ 0 iVi  Vii  } 

  )(.
4

)()(
4

bVhaVbVh 


 

2
)(.

)(44


 bV

bV
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    VfPLVfPU ,,,,    V i

n

i
miM i 





1

 

   iiV i

n

i
miM i 





1

 

      i

n

i
miM iiV i

n

i
miM i 








11





22
 

 

 

3.16 Some Theorems 

Theorem 3.16.1 Assume that  is monotonic increasing on [a, b]. If 

 Rf  and  Rg on [a, b] and if f(x)   g(x) for all x in [a, b], then 

we have 

b

a

gd
b

a

fd  . 

Proof. For every partition P of [a, b] then 

        ,,

11

,, gPSxi

n

i
tigxi

n

i
tiffPS 






    …..(i)                                       

Since  Rf  then for a partition P  

,  
2

,,


 
b

a

fdfPS
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2

,,
2





 

b

a

fdfPS
b

a

fd   ……………(ii)                                                                                        

Since  Rf  then for a partition P  ,

 

 
2

,,
2

2
,,














b

a

gdgPS
b

a

gd

b

a

gdgPS

              …….(iii)                                                                                                                                                          

Let PPP  so we have                                                                                          

 
2

,,
2





 

b

a

fdfPS
b

a

fd and 

 
2

,,
2





 

b

a

gdgPS
b

a

gd  

   Subtract these we get  

22





 

b

a

gd
b

a

fd  ,, fPS -  ,, gPS 0 from (i)                                                                

 0

b

a

gd
b

a

fd 

 

 

b

a

gd
b

a

fd   

Theorem 3.16.2 Let  Rf  on [a, b] and Mxfm  )(  bax , . 

Let  is monotonic increasing on [a, b]. Let   RMm ,: be a 

continuous function. Then   Rfh    
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Proof.  Let 0 be given. Since   is continuous on [m, M]. 

  is uniform continuous on [m, M].                                                                                                                                  

  for given 0 , there exist 0 such that                                                                                                                            

  )()( ts whenever  ts ,  Mmts ,,                   …………..(i)                                                                                                     

We may assume that                                                                                                                                                                                                                                                                                          

Since  Rf  on [a, b], therefore given 02  , there exists a partition 

 bxnxxaP  ,...,1,0  of [a, b] such that 

     2,,,,  fPLfPU  ……….(ii)                                                                                                                                         

Let   xixixxfM i ,1:)(sup  ,   xixixxfmi ,1:)(inf  , 

  xixixxhMi ,1:)(sup  and   xixixxh
im ,1:)(inf 


                                                                                                

We divide the numbers ni ,....,2,1  into two classes A and B where 

     miMiiBmiMiiA :,:                                                                                                                                                

When Ai and  xixits ,1, 
 

  miMitfsf )()( From (i)       )()( tfsf
 

      )()( tfsf 
 

 )()( thsh
 

 miMi      ………….(iii)                                                    












 

Ai

ii
Ai

miM i 
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n

i
i

1
  )()( ab   …………..(iv)                                                                                

Again Bi  miMi  i.e. miMi

         2,,,,
1






 



fPLfPUimiM ii
Bi

miM i
Bi

i

n

i

 



Bi
i ……………(v)                                                                          

Let  MsmsK  :)(sup   we have 

kkktsts 2)()()()(  
 

 kmiMi 2
 

   kik

Bi
iki

Bi
miM i

n

i

222
1







 


{from (v)}

     







 







  i

Bi
miMii

Ai
miMihPLhPU ,,,,

   kab 2)()(   

 kab 2)()(   since is arbitrary  

   Rfh    

Theorem 3.16.3 If  Rf  on [a, b], then  Rf   and 



b

a

df
b

a

fd   

Proof. Let   tt 
 

          tftftftf  
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 ff                                                                                                                                

Since  t  is continuous on [m, M] and  Rf  on [a, b]                                                                                                                                                                         

 f  R  on [a, b]                                                                                                                                                                                                                                       

  Rf                                                                                                                                                                                                                                                           

Now  bax , ,  xfxf )(  



b

a

df
b

a

fd  ……………(i)                                                                                                                                     

Since  xfxf  )( 
b

a

df
b

a

fd    ………………..(ii)                                                                                                                                                                                                                     

From (i) and (ii) we get 

b

a

df
b

a

fd 

 

 

 

 

3.17Examples 

Example 1 Prove that )()( ab
b

a

d    

Sol. Let f = 1, Let  bxnxxxaP  ,......,2,1,0 be a partition of [a, b].                                                                                    

We know that      


 i

n

i
tif

b

a

fdfPS

1

,,
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n

i
i

b

a

dPS

1

1,1,      



n

i
xixi

1
1

              xnxnxxxx 1.........1201  

)()( ab    

Example 2 If  Rf  on [a, b] and if 0

b

a

fd for every f which is 

monotonic on [a, b], prove that  must be constant on [a, b]. 

Sol. By Theorem 3.8.1 

Example 3 Let  an  be a sequence of real numbers. For 0x , define 












x

n
an

xn
anxA

1

)(  

where [x] is the greatest integer function and empty sums interpreted as 

zero. Let f have continuous derivative in the interval ax 1 then 

)()(

1

)()()( afaA
a

dxxfxAxf

xn
an  



 

Sol. As f has continuous derivative on [1, a], then                                   

 
a

xdAxfxfxA
a

a
dxxfxA

1

)()()()(
1

1

)()(


a

xdAxffAafaA

1

)()()1()1()()(                                                                                     

Also A(1) = a1  

  
a

xdAxffaafaA
a

dxxfxA

1

)()()1(1)()(

1

)()(
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a

xdAxffaafaA
a

dxxfxA

1

)()()1(1)()(

1

)()( …. (i)                                                                                                

Also )()(

11

)()()1(1 xf

xn
annf

a

n
an

a
xdAxffa 













 

Put in (i), we have    )()()(

1

)()( xf

xn
anafaA

a
dxxfxA 



 

 

 )()(

1

)()()( afaA
a

dxxfxAxf

xn
an  



 

Example 4 Using integration by parts prove that the following                                                                                                            

(i)
 

dx
n

xs

x
s

ns

n

s








 1
11

1

1

1

 
 if 1s  

  (ii)
 

1

1
2

log

1

1







dx
n

x

xx
n

n

k k
 

Sol.

   








n
xdxff

n

i

iff
n

i

if
n

xdxf
n

i

if

1

)()1(

2

)()1(

1

)(

0

)(

1

)(  

(i)        11
1

1

1

1

1

1 snn s
n

x sdx
n

xdx s
n

s
  

 

  nn sdx
n

xs

s
x  



















1
1

 



MATHEMATICAL ANALYSIS                                             BY ASHWANI GOYAL 
 

100 
 

  n sdx
n

xs
xs  















 1

1
1

1
 


 

dx
n

xs

x
s

ns

n

s








 1
11

1

1

1

 
 

(ii)        11 11

1

11

1

1
1

1

1  


nn
n

xdx
n

xd
x

n

k k

  n
n

dx
n

x
x

1

1
2

1
 












 
   1

1
2

1
 













 dx

n

x
x  

 Add and subtract 

n
dx

x
1

1
, we get  




n

k k1

1    














n
dx

x

n
dx

x
dx

n

x
x

1

1

1

1
1

1
2

1  
 















n
dx

x

x

x
n

1
2

1
1loglog  

+1                                                                                                                                                           


 

1

1
2

log

1

1







dx
n

x

xx
n

n

k k
 

Example 5 If f  is continuous on [1, 2n], show that 

      dx
x

x
n

xfkf
n

k

k
















 




2

2
2

1

)(
2

1

1  

Sol.

  )2()12(..........)4()3()2()1()(
2

1

1 nfnfffffkf
n

k

k






   )2(..........)4()2()12(..........)3()1( nfffnfff 
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   )2(..........)4()2(2)2(..........)4()3()2()1( nfffnfffff 








n

k

kf
n

k

kf

1

)2(
2

1

)( 






n

t

tf
n

k

kff
2

2

)(
2

2

)()1(    {take 2 k = t}

      









2

2

1

2
2

1

)1(
x

d
n

xfxd
n

xff

        












 






















 
n

dxxf
xx

xf
nn

dxxfxxxf
n

f
2

1
22

)(
2

1
2

2

1

][])[(
2
1

)1(

   












 






















 
n

dxxf
x

nnf
n

dxxfxfnnff
2

1
2

0])[2(2
2

1

][)1(]2)[2()1(

 

    )2(2)2(2
2

1
2

2
2

1

][ nnfnnf
n

dxxf
xn

dxxfx  








  

      dx
x

x
n

xfkf
n

k

k
















 




2

2
2

1

)(
2

1

1  

Example 6 Let












zx

zxxx
xg

,0

,
2

1
][

)( . Also let 
x

dttgxh

0

)()( . If f 

is continuous on [a, b], prove that by Euler’s summation formula implies 

that 
2

)()1(

1

)()(

1

)(

1

)(
nffn

dxxfxh
n

dxxf
n

k

kf


 


 

Sol.by Euler’s summation formula 

2

)()1(

1

)()(

1

)(

1

)(
nffn

dxxfxg
n

dxxf
n

k

kf
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2

)()1(

1

)()(

1

)(

1

)(
nffn

xhdxf
n

dxxf
n

k

kf


 


  0)()0()()(  xggxgxhd

 
2

)()1(
)1()1()()(

1

)()(

1

)(
nff

hfnhnf
n

xfdxh
n

dxxf


 

 
2

)()1(

1

)()(

1

)(
nffn

xfdxh
n

dxxf


   

Example 7 Let f(x) = x and  xxx )( . Find   )(
10

0

xdxf  by definition. 

Sol. Let partition 









n

n

nn
P

10
,,....,

2
,

1
,0                                                                                                                                                                                                                                                                                                                                                                                 

Then

            

















 

















n

i n

i

n

i
t ixixi

n

i
t ifi

n

i
t iffPS

10

1

1
1

10

1

10

1

,, 

 

















 








 




















n

i n

i

n

i

n

i

n

i
t i

10

1

11

 

















 




















n

i n

i

n

i

n
t i

10

1

11
                                                                                

Let  xixiti ,1  i.e. 






 


n

i

n

i
ti ,

1
 take 

n

i
ti 
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i n

i

n

i

n
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i nn

in

i n

i

n

i
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1

110

1

110

1

11
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Example 8 Let f(x) = x and   xx 2 . Find 

1

0

fd by definition. 
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Sol. Let partition
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Example 9 Let f(x) = x and  xxx )( . Find   )(
10

0

xdxf  by integration 

by parts. 

Sol.       dxxxxxxdfd xxx    
10

0

][
10

0

][
10

0
][

10

0


  1054550200
10

0

10

0

0200  dxxdxx  
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Example 10 Evaluate    xdxx 
4

0

2 . 

Sol. Let yx       
5

372

0

4
2

0

2

0

4   dyydyydyyy  

Example 11 Find 


1

1

fd , where f(x) = 1,  1,1x and  is a step function 

such that continuous 









0,1

0,1
)(

x

x
x .  

Sol.        011100)0(
1

1




 ffd  

Example 12 If 
















1,1

10,43

0,3

)(

x

xx

x

xf  and
















1,0

10,2

0,0

)(

x

x

x

x , find 




3

3

fd  

Sol. As f(x) is continuous at 0 and also at 1, )(x is a step function having 

jump point 0 and 1 

         11)1(00)0(
3

3




 fffd  = 3(2 – 0) + (-1) (0 – 2) 

= 8 
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Example 13 If
















3,5

32,5

20,2

)(

x

x

x

x , find 



10

5

3 de x  

Sol. Let e xxf 3)(   is continuous function and )(x is a step function, 

having jump points 0,2 and 3.

              33)3(22)2(00)0(
10

5

3 


  fffde x

      eeee 9632569256021   

Example 14 If f(x) = x and xx 2)(  on [0, 1]. If  Rf  . If yes, find 

value of 

1

0

fd  

Sol. As f(x) = x is continuous function on [0, 1]. Also xx 2)(  is 

monotonic increasing function in [0, 1].                          Rf                                                                                                                                                                                                                  

Also  
3

2

3

1
1

1

0

22
1

0

2
1

0
.

1

0
 dxxxxdfd xx

 

Example 15 Evaluate the following R – S integrals 

 

(i)  

2

0

22 xdx             (ii)    

2

0

2xdx                (iii)      
6

0

x-32 dxx  

Sol. We know that    dx
b

a

xxf
b

a

fd     
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(i)   

2

0

2.2
2

0

22 xdxxxdx 8

4

2
2

0

32

4

2

0

 






x
dxx  

(ii)      

2

0

2.
2

0

2 xdxxxdx    
2

1

.2
1

0

.2 xdxxxdxx  

3

2

2
2

1

2
1

0

02

2

2

1

 






x
xdxdx  

(iii)      
6

0

x-32 dxx            
6

3

3-x2
3

0

x-32 dxxdxx  

       
6

3

x2
3

0

x2 dxxdxx    
6

3

x
6

3

x2
3

0

x
3

0

x2 dxdxdxdx  

           










 6

5

x
5

4

x
4

3

x
3

3
6

3

3

2

x
2

1

x
1

0

x
3

3
3

0

dxdxdx
x

dxdxdx
x

 

    5+4+327216
3

1
21027

3

1
  

63=12+63+-12=  

Example 16. Give an example f a bounded function and  is increasing 

function on [a, b] such that  Rf   but 

b

a

fd  does not exist. 
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Sol. Let xx )(  in [a, b] where a > 0 and b .                                                                                                                                                                      

Let 









Qx

Qx
xf

,1

,1
)(                                                                                                                                                                   

T.P.  Rf   and  Rf   on [a, b].                                                                                                                                                        

Since xx )( is monotonic increasing in [a, b]. Also 1)( xf

 Rf                                                                                                                                                                            

T.P.  Rf   on [a, b].                                                                                                                                                                                                                                                              

By definition 1,1  miMi , then                                                                                                                                                 
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n
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ii

n

i
M ifPU 
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11

),,(  and 

babaab
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i
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11
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),,(),,(  fPLfPU    Rf   on [a, b].                                                                                                                                                                                                                                                               
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Exercise 

1. Prove that   
2

33

0

 xxd . 

2. Prove that    5
3

0

2   xxdx  

3. Let  be monotonic increasing in  ba, , if  Rf  on  ba, then 

 Rf 2  on  ba,  

4. Using the definition of RS – integral. Prove that     1
21+a

2  a

a

xdx  

5. If f is continuous on  n,0 ,where n is positive integer, then 

   )(.....)2()1(
n

0

)( nfffxdxf   

6. Let f be a bounded function defined on interval  1,1- and   R 1,1:

be defined by  
















0,1

0,
2

1

0,0

x

x

x

x . Show that  Rf  if and only if f is 

continuous at x = 0 and then  

)0(
1

1

ffd 
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The book is intended to serve as a text in analysis by

the Graduate and Post – Graduate students of the

various universities.

Key features include:

A broad view of mathematics throughout the book.

Elegant proofs.

Excellent choice of topics.

Numerous examples and exercises to reinforce

methodology.
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